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ÌÀÒÐÈÖÛ ÐÅÊÎÍÑÒÐÓÊÖÈÈ È
ÄÅÊÎÌÏÎÇÈÖÈÈ ÄËß ËÈÍÅÉÍÛÕ

ÑÏËÀÉÍÎÂ

Ìàêàðîâ À. À. Ìàòðèöû ðåêîíñòðóêöèè è äåêîìïîçèöèè äëÿ ëèíåé-

íûõ ñïëàéíîâ.

Àííîòàöèÿ. Â äàííîé ðàáîòå äëÿ íåïðåðûâíûõ ñïëàéíîâ ïåðâîãî ïîðÿäêà
íà íåðàâíîìåðíîé ñåòêå íàéäåíû êàëèáðîâî÷íûå ñîîòíîøåíèÿ, äàþùèå ïðåä-
ñòàâëåíèå êîîðäèíàòíûõ ñïëàéíîâ íà èñõîäíîé ñåòêå ñ ïîìîùüþ ëèíåéíîé
êîìáèíàöèè òàêîãî æå ðîäà ñïëàéíîâ íà èçìåëü÷åííîé (ïëîòíîé) ñåòêå, è êà-
ëèáðîâî÷íûå ñîîòíîøåíèÿ, äàþùèå ïðåäñòàâëåíèå êîîðäèíàòíûõ ñïëàéíîâ íà
óêðóïíåííîé (ðàçðåæåííîé) ñåòêå ñ ïîìîùüþ ëèíåéíîé êîìáèíàöèè òàêîãî æå
ðîäà ñïëàéíîâ íà èñõîäíîé ñåòêå. Ïîëó÷åíû ìàòðèöû óòî÷íÿþùåé è ðàçðåæà-
þùåé ðåêîíñòðóêöèè íà èíòåðâàëå è íà îòðåçêå äëÿ ïðîñòðàíñòâ ñïëàéíîâ ïåð-
âîãî ïîðÿäêà, àññîöèèðîâàííûõ ñ áåñêîíå÷íîé è ñ êîíå÷íîé íåðàâíîìåðíûìè
ñåòêàìè ñîîòâåòñòâåííî. Ïîñòðîåíà ñèñòåìà ëèíåéíûõ ôóíêöèîíàëîâ, áèîðòî-
ãîíàëüíàÿ ñèñòåìå êîîðäèíàòíûõ ñïëàéíîâ. Ïîëó÷åíû ìàòðèöû óòî÷íÿþùåé è
ðàçðåæàþùåé äåêîìïîçèöèè íà èíòåðâàëå è íà îòðåçêå äëÿ ïðîñòðàíñòâ ñïëàé-
íîâ ïåðâîãî ïîðÿäêà, àññîöèèðîâàííûõ ñ áåñêîíå÷íîé è ñ êîíå÷íîé íåðàâíî-
ìåðíûìè ñåòêàìè ñîîòâåòñòâåííî.
Êëþ÷åâûå ñëîâà: ñïëàéí, âýéâëåò, âåéâëåò, âñïëåñê, ìàòðèöà ðåêîíñòðóê-
öèè, ìàòðèöà äåêîìïîçèöèè, óòî÷íÿþùèå ñõåìû.

Makarov A. A. The reconstruction and decomposition matrixes for linear

splines.

Abstract. The aim of the paper is construction of calibration relations in the case
of class of coordinate non-polynomial splines connected with re�nement of grids.
An embedding of spline spaces is established for arbitrary re�nement of grids. The
reconstruction matrixes in the case of a grid on an open interval and a grid on a
segment are constructed. The system of biorthogonal linear functionals to splines is
constructed. The decomposition matrixes in the case of a grid on an open interval
and a grid on a segment are constructed.
Keywords: spline, wavelet, spline wavelet decomposition, reconstruction matrix,
decomposition matrix, subdivision scheme.

1. Ââåäåíèå. Cïëàéíû è âýéâëåòû (âñïëåñêè) íàøëè øèðîêîå
ïðèìåíåíèå â òåîðèè èíôîðìàöèè. Âýéâëåòíûå ðàçëîæåíèÿ ñâÿçà-
íû ñ ñîñòàâëåíèåì ýôôåêòèâíûõ àëãîðèòìîâ îáðàáîòêè (ñæàòèÿ
èëè óòî÷íåíèÿ) áîëüøèõ ïîòîêîâ èíôîðìàöèè (ñì. [1]). Â òåîðèè
ñïëàéíîâ íàèáîëåå âàæíûìè ÿâëÿþòñÿ èíòåðïîëÿöèîííûå è àï-
ïðîêñèìàöèîííûå ñâîéñòâà, ñâîéñòâà ãëàäêîñòè è óñòîé÷èâîñòè ðå-
øåíèÿ èíòåðïîëÿöèîííûõ è àïïðîêñèìàöèîííûõ çàäà÷; âàæíî òàê-
æå ìèíèìèçèðîâàòü âû÷èñëèòåëüíóþ ñëîæíîñòü (îáúåì èñïîëüçó-
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åìûõ ðåñóðñîâ âû÷èñëèòåëüíîé ñèñòåìû: ïàìÿòè, êàíàëîâ ïåðå-
äà÷è ðåçóëüòàòîâ, âðåìåíè ñ÷åòà). Åñëè óäàåòñÿ óñòàíîâèòü âëî-
æåííîñòü ïðîñòðàíñòâ ñïëàéíîâ íà ïîñëåäîâàòåëüíîñòè èçìåëü÷à-
þùèõñÿ èëè óêðóïíÿþùèõñÿ ñåòîê è ïðåäñòàâèòü öåïî÷êó âëîæåí-
íûõ ïðîñòðàíñòâ â âèäå ïðÿìîé ñóììû âýéâëåòíûõ ïðîñòðàíñòâ, à
òàêæå ðåàëèçîâàòü áàçèñíûå ôóíêöèè ñ ìèíèìàëüíîé äëèíîé íî-
ñèòåëÿ, òî âû÷èñëèòåëüíàÿ ñëîæíîñòü îêàçûâàåòñÿ ïðèåìëåìîé.

Âàæíîé çàäà÷åé ïðè ïîñòðîåíèè ñïëàéí-âýéâëåòíîãî ðàçëîæå-
íèÿ ÿâëÿåòñÿ ðàçðàáîòêà ñïîñîáà ïðîåêòèðîâàíèÿ èñõîäíîãî ïðî-
ñòðàíñòâà ñïëàéíîâ íà âëîæåííîå ïðîñòðàíñòâî ñïëàéíîâ. Âûáîð
ýòîãî ñïîñîáà ïðèâîäèò ê ìàòðèöàì äåêîìïîçèöèè/ðåêîíñòðóêöèè
(ïîäðîáíåå ñì. [2�4]), ïðèìåíÿåìûì äëÿ âýéâëåòíîãî ðàçëîæåíèÿ
ïîòîêîâ ÷èñëîâîé èíôîðìàöèè.

Öåëü äàííîé ðàáîòû � ïîñòðîèòü ñïëàéíû ëàãðàíæåâà òè-
ïà ïåðâîãî ïîðÿäêà, äîêàçàòü âëîæåííîñòü ïðîñòðàíñòâ ñïëàéíîâ
íà ïîñëåäîâàòåëüíîñòè óêðóïíÿþùèõñÿ/èçìåëü÷àþùèõñÿ íåðàâíî-
ìåðíûõ ñåòîê, ïîñòðîèòü ïðîñòóþ ðåàëèçàöèþ ñèñòåìû ôóíêöèî-
íàëîâ, áèîðòîãîíàëüíóþ ñèñòåìå ñïëàéíîâ, ïîëó÷èòü ìàòðèöû ðå-
êîíñòðóêöèè è äåêîìïîçèöèè â ñëó÷àÿõ íåðàâíîìåðíîé áåñêîíå÷-
íîé (íà îòêðûòîì èíòåðâàëå) è êîíå÷íîé (íà îòðåçêå) ñåòîê.

2. Ïðåäâàðèòåëüíûå îáîçíà÷åíèÿ. Ïóñòü Z � ìíîæåñòâî

öåëûõ ÷èñåë, Z+
def
= {j | j > 0, j ∈ Z}, R1 � ìíîæåñòâî âåùåñòâåí-

íûõ ÷èñåë. Ïóñòü m ∈ Z+. Âåêòîðíîå (ëèíåéíîå) ïðîñòðàíñòâî
(m + 1)-ìåðíûõ âåêòîð-ñòîëáöîâ îáîçíà÷èì ÷åðåç Rm+1, ïðè÷åì
âåêòîðû â íåì áóäåì îòîæäåñòâëÿòü ñ îäíîñòîëáöîâûìè ìàòðèöà-
ìè è ïðèìåíÿòü ê íèì îáû÷íûå ìàòðè÷íûå îïåðàöèè; â ÷àñòíîñòè,
äëÿ äâóõ âåêòîðîâ a,b ∈ Rm+1 âûðàæåíèå aTb ïðåäñòàâëÿåò ñî-
áîé åâêëèäîâî ñêàëÿðíîå ïðîèçâåäåíèå ýòèõ âåêòîðîâ. Êîìïîíåí-
òû âåêòîðîâ îáîçíà÷àþòñÿ êâàäðàòíûìè ñêîáêàìè è íóìåðóþòñÿ
öèôðàìè 0, 1, . . . ,m; íàïðèìåð, a = ([a]0, [a]1, . . . , [a]m)T . Êâàäðàò-
íàÿ ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåêòîðû a0, a1, . . . ,am
∈ Rm+1 (â óêàçàííîì òîëüêî ÷òî ïîðÿäêå), îáîçíà÷àåòñÿ ñèìâî-
ëîì (a0,a1, . . . ,am), à âûðàæåíèå det(a0,a1, . . . ,am) îáîçíà÷àåò åå

îïðåäåëèòåëü. Óïîðÿäî÷åííîå ìíîæåñòâî A
def
= {aj}j∈Z âåêòîðîâ

aj ∈ Rm+1 áóäåì íàçûâàòü öåïî÷êîé âåêòîðîâ. Öåïî÷êà A íàçû-
âàåòñÿ ïîëíîé öåïî÷êîé âåêòîðîâ, åñëè det(aj−m,aj−m+1, . . . ,aj) 6=
0 ∀j ∈ Z. Ìíîæåñòâî âñåõ ôóíêöèé íåïðåðûâíûõ íà èíòåðâàëå
(α, β) îáîçíà÷èì ÷åðåç C(α, β); äëÿ ëþáîãî ÷èñëà S ∈ Z+ ââåäåì
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îáîçíà÷åíèå CS(α, β)
def
= {u | u(i) ∈ C(α, β) ∀ i = 0, 1, 2, . . . , S},

ïîëàãàÿ C 0(α, β) = C(α, β). Åñëè êîìïîíåíòû âåêòîð-ôóíêöèè
u ∈ Rm+1 íåïðåðûâíî äèôôåðåíöèðóåìû S ðàç íà èíòåðâàëå
(α, β), òî áóäåì ïèñàòü u ∈ CS(α, β). Àíàëîãè÷íûå îáîçíà÷åíèÿ
CS [a, b] è CS [a, b] áóäåì èñïîëüçîâàòü äëÿ ñîîòâåòñòâóþùèõ ïðî-
ñòðàíñòâ íà îòðåçêå [a, b].

3. Ïðîñòðàíñòâî ìèíèìàëüíûõ ñïëàéíîâ. Íà èíòåðâàëå

(α, β) ⊂ R1 ðàññìîòðèì ñåòêó X
def
= {xj}j∈Z,

X : . . . < x−1 < x0 < x1 < . . . , (1)

ãäå α
def
= lim

j→−∞
xj , β

def
= lim

j→+∞
xj (ñëó÷àè α = −∞, β = +∞ íå

èñêëþ÷àþòñÿ).

Ââåäåì îáîçíà÷åíèÿ M
def
= ∪j∈Z(xj , xj+1), Sj

def
= [xj , xj+m+1],

Jk
def
= {k −m, k −m+ 1, . . . , k}, ãäå k, j ∈ Z.
Ïðè K0 > 1, K0 ∈ R1 îáîçíà÷èì ÷åðåç X (K0, α, β) êëàññ ñåòîê

âèäà (1) ñî ñâîéñòâîì ëîêàëüíîé êâàçèðàâíîìåðíîñòè (ïîäðîáíåå
î òàêèõ ñåòêàõ ñì. [5])

K−10 6
xj+1 − xj
xj − xj−1

6 K0 ∀j ∈ Z,

è ïîëîæèì hX
def
= sup

j∈Z
(xj+1 − xj).

Ïóñòü X(M) � ëèíåéíîå ïðîñòðàíñòâî âåùåñòâåííîçíà÷íûõ ôóíê-
öèé, çàäàííûõ íà ìíîæåñòâå M. Ðàññìîòðèì âåêòîð-ôóíêöèþ ϕ :
(α, β) 7→ Rm+1 ñ êîìïîíåíòàìè èç X(M).

Åñëè öåïî÷êà âåêòîðîâ {aj} ïîëíàÿ, òî èç óñëîâèé∑
j′∈Jk

aj′ ωj′(t) ≡ ϕ(t) ∀ t ∈ (xk, xk+1), ∀ k ∈ Z,

ωj(t) ≡ 0 ∀ t /∈ Sj ∩M.
(2)

îäíîçíà÷íî îïðåäåëÿþòñÿ ôóíêöèè ωj(t), t ∈ M , j ∈ Z. ßñíî, ÷òî
suppωj(t) ⊂ Sj .

Ïî ôîðìóëàì Êðàìåðà èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (2) íàõîäèì

ωj(t) =
det
(
{aj′}j′∈Jk,j′ 6=j ‖ ′j ϕ(t)

)
det
(
ak−m,ak−m+1,...,ak

) ∀ t ∈ (xk, xk+1), ∀ j ∈ Jk,

(3)
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ãäå ñèìâîëüíàÿ çàïèñü ‖ ′j îçíà÷àåò, ÷òî îïðåäåëèòåëü â ÷èñëè-
òåëå ïîëó÷àåòñÿ èç îïðåäåëèòåëÿ â çíàìåíàòåëå çàìåíîé ñòîëáöà
aj íà ñòîëáåö ϕ(t) (ñ ñîõðàíåíèåì ïðåæíåãî ïîðÿäêà ñëåäîâàíèÿ
ñòîëáöîâ).

Ëèíåéíàÿ îáîëî÷êà ôóíêöèé {ωj}j∈Z íàçûâàåòñÿ ïðîñòðàí-
ñòâîì ìèíèìàëüíûõ (A,ϕ)-ñïëàéíîâ m ïîðÿäêà íà ñåòêå X è îáî-
çíà÷àåòñÿ ÷åðåç

S(X,A,ϕ) def
= {u | u =

∑
j∈Z

cj ωj ∀ cj ∈ R1}.

Óñëîâèÿ (2) íàçûâàþòñÿ àïïðîêñèìàöèîííûìè ñîîòíîøåíèÿ-
ìè, âåêòîð-ôóíêöèÿϕ íàçûâàåòñÿ ïîðîæäàþùåé äëÿ (A,ϕ)-ñïëàé-
íîâ.

Â äàëüíåéøåì äëÿ âåêòîð-ôóíêöèè ϕ ∈ CS(α, β) ïîëîæèì

ϕk
def
= ϕ(xk), ϕ

(i)
k

def
= ϕ(i)(xk), i = 0, 1, . . . , S, k ∈ Z.

Ðàññìîòðèì âåêòîð-ôóíêöèþ Π(z0, z1, . . . , zm−1) ∈ Rm+1, îïðå-
äåëÿåìóþ òîæäåñòâîì

ΠT (z0, z1, . . . , zm−1) z ≡ det
(
z0, z1, . . . , zm−1, z

)
(4)

äëÿ âñåõ z, z0, z1, . . . , zm−1 ∈ Rm+1. Âåêòîð-ôóíêöèþΠ(z0, z1, . . . , zm−1)
íàçûâàþò (ïîäðîáíåå ñì. [6])m-ìåñòíûì âåêòîðíûì ïðîèçâåäåíè-
åì â ïðîñòðàíñòâå Rm+1 è îáîçíà÷àþò ÷åðåç z0 × z1 × . . .× zm−1.

Ïðè ϕ ∈ Cm−1(α, β) ðàññìîòðèì âåêòîðû, îïðåäåëÿåìûå ôîð-
ìóëîé

dj
def
= ϕj ×ϕ ′j × . . .×ϕ

(m−1)
j . (5)

Ïóñòü ϕ ∈ Cm(α, β). Ââåäåì ñëåäóþùåå îáîçíà÷åíèå äëÿ âðîí-
ñêèàíà

W (t)
def
= det

(
ϕ(t),ϕ ′(t), . . . ,ϕ(m−1)(t),ϕ(m)(t)

)
.

Îïðåäåëèì öåïî÷êó âåêòîðîâ A∗
def
= {a∗j} ôîðìóëîé

a∗j
def
= −dj+1 × dj+2 × . . .× dj+m. (6)
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Òåîðåìà 1. Ïóñòü ϕ ∈ Cm(α, β). Åñëè âûïîëíåíî óñëîâèå

|W (t)| > c = const > 0 ∀ t ∈ (α, β), (7)

è ñåòêà X ∈ X (K0, α, β) äëÿ íåêîòîðîãî K0 > 1, òî ïðè äîñòà-
òî÷íî ìàëîì hX ïðîñòðàíñòâî S(X,A∗,ϕ) ëåæèò â ïðîñòðàí-
ñòâå Cm−1(α, β).

Äîêàçàòåëüñòâî ñì. â ðàáîòå [7].

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 1 öåïî÷êà âåêòîðîâ {dj}j∈Z
ÿâëÿåòñÿ ïîëíîé, ïðè ýòîì ñïðàâåäëèâû ñîîòíîøåíèÿ

dT
j a
∗
j 6= 0, dT

j+m+1a
∗
j 6= 0.

Ïðîñòðàíñòâî S(X,A∗,ϕ) íàçûâàåòñÿ ïðîñòðàíñòâîì ìèíè-
ìàëüíûõ Bϕ-ñïëàéíîâ m ïîðÿäêà íà ñåòêå X. Ñàìè ñïëàéíû áóäåì
íàçûâàòü ìèíèìàëüíûìè ñïëàéíàìè ìàêñèìàëüíîé ãëàäêîñòè.

Ïóñòü m = 1. Ðàññìîòðèì âåêòîð-ôóíêöèþ ϕ : (α, β) 7→ R2

ñ êîìïîíåíòàìè èç X(M). Ôîðìóëû (4), (5), (6) äëÿ íàõîæäåíèÿ
âåêòîðîâ a∗j è dj íåìíîãî âèäîèçìåíÿþòñÿ, ââèäó òîãî, ÷òî â m-
ìåñòíîì âåêòîðíîì ïðîèçâåäåíèèm = 1. Ðàññìîòðèì âåêòîðû dj ∈
R2, çàäàâàåìûå òîæäåñòâîì dT

j x ≡ det(ϕj , x), x ∈ R2, j ∈ Z, è
îïðåäåëèì âåêòîðû a∗j ∈ R2 ôîðìóëîé a∗j

def
= ϕj+1. Ïðåäñòàâèì

âåêòîðû a∗j è dj â ïîêîìïîíåíòíîì âèäå

a∗j = ([ϕj+1]0, [ϕj+1]1)
T , dj = (−[ϕj ]1, [ϕj ]0)

T .

Åñëè ϕ ∈ C1(α, β) è âûïîëíåíî óñëîâèå (7), òî ωj ∈ C(α, β) è
ñïðàâåäëèâû ôîðìóëû

ωj(t) =


dT
j ϕ(t)

dT
j a
∗
j

ïðè t ∈ [xj , xj+1),

dT
j+2ϕ(t)

dT
j+2a

∗
j

ïðè t ∈ [xj+1, xj+2).

(8)

Òåîðåìà 2. Ïóñòü [ϕ(t)]0 ≡ 1 ∀ t ∈ (α, β). Åñëè öåïî÷êó âåê-

òîðîâ AN def
= {aNj } îïðåäåëèòü ôîðìóëîé aNj

def
= ϕj+1, òî ñïðàâåä-

ëèâî òîæäåñòâî ∑
j∈Z

ωj(t) ≡ 1 ∀ t ∈ (α, β).
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Äîêàçàòåëüñòâî ðàâåíñòâà ïîëó÷àåòñÿ ðàññìîòðåíèåì àïïðîê-
ñèìàöèîííûõ ñîîòíîøåíèé (2) ñ âåêòîðîì aNj â ïîêîìïîíåíòíîì
âèäå.

Ïðîñòðàíñòâî S(X,AN ,ϕ) íàçûâàåòñÿ ïðîñòðàíñòâîì íîðìà-
ëèçîâàííûõ Bϕ-ñïëàéíîâ ïåðâîãî ïîðÿäêà íà ñåòêå X.

Ñëåäñòâèå 2. Ïðè ϕ(t) = (1, t)T ôóíêöèè ωj(t) ñîâïàäàþò
ñ èçâåñòíûìè ïîëèíîìèàëüíûìè B-ñïëàéíàìè ïåðâîé ñòåïåíè,
ò. å. ñ îäíîìåðíûìè ôóíêöèÿìè Êóðàíòà.

Ðàññìîòðèì êîíå÷íîìåðíûå ïðîñòðàíñòâà ñïëàéíîâ. Ââåäåì îáî-
çíà÷åíèÿ

a
def
= x0, b

def
= xn, J1,n

def
= {−1, 0, . . . , n− 1, n}.

Èç áåñêîíå÷íîé ñåòêè X âûäåëèì êîíå÷íóþ ñåòêó Xn, n ∈
N, n > 2,

Xn : x−1 < a = x0 < x1 < . . . < xn−1 < xn = b < xn+1,

èç ïîëíîé áåñêîíå÷íîé öåïî÷êè A∗ ∈ A âûäåëèì êîíå÷íóþ öåïî÷-
êó A∗n,

A∗n
def
= {a∗−1, . . . ,a∗n}.

Äëÿ èçìåðèìîãî (ïî Ëåáåãó) ìíîæåñòâà M ⊂ R1 îáîçíà÷èì
÷åðåç mes (M) åãî ëåáåãîâó ìåðó.

Ïóñòü ñèñòåìà {gj} ñîñòîèò èç ôóíêöèé gj(t), çàäàííûõ ïî-
÷òè âåçäå íà èíòåðâàëå (α, β), è [a, b] ⊂ (α, β). Ñèñòåìà ôóíêöèé
{gj | mes (supp gj ∩ (a, b)) > 0} íàçûâàåòñÿ ñóæåíèåì ñèñòåìû {gj}
íà îòðåçîê [a, b].

Ñóçèì âñå ôóíêöèè ïðîñòðàíñòâà S(X,A∗,ϕ) íà ìíîæåñòâî
[a, b]. Ñîâîêóïíîñòü ýòèõ ñóæåíèé ïðåäñòàâëÿåò ñîáîé êîíå÷íîìåð-
íîå ëèíåéíîå ïðîñòðàíñòâî

S(Xn,A
∗
n,ϕ)

def
= {u | u =

∑
j∈J1,n−1

cj ωj ∀ cj ∈ R1}.

Î÷åâèäíî, ÷òî
S(Xn,A

∗
n,ϕ) ⊂ C[a, b].
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Òåîðåìà 3. Ôóíêöèÿ un(t)
def
=

∑
j∈J1,n−1

cj ωj(t), t ∈ [a, b] ÿâ-

ëÿåòñÿ ñëåäîì ôóíêöèè u(t)
def
=
∑
j∈Z

cj ωj(t), t ∈ (α, β) íà îòðåçêå

[a, b], ëåæèò â ïðîñòðàíñòâå S(Xn,A
∗
n,ϕ) è ïîëíîñòüþ îïðåäåëÿ-

åòñÿ íàáîðîì óçëîâ {xj}j∈J1,n+1
, íàáîðîì âåêòîðîâ {ϕj}j∈J1,n+1

, è
íàáîðîì êîýôôèöèåíòîâ {cj}j∈J1,n−1

.

Äîêàçàòåëüñòâî ñëåäóåò íåïîñðåäñòâåííî èç îïðåäåëåíèé ïðî-
ñòðàíñòâ S(X,A∗,ϕ) è S(Xn,A

∗
n,ϕ).

Ñëåäñòâèå 3. Ñóæåíèÿ ôóíêöèé ωj îáðàçóþò ëèíåéíî íåçà-
âèñèìóþ ñèñòåìó íà îòðåçêå [a, b], ïðè÷åì dim S(Xn,A

∗
n,ϕ) =

n+ 1.

4. Êàëèáðîâî÷íûå ñîîòíîøåíèÿ. Èç èñõîäíîé ñåòêè X äëÿ
ôèêñèðîâàííîãî k ∈ Z óäàëèì îäèí óçåë xk+1, è íà ïîëó÷åííîé

òàêèì îáðàçîì óêðóïíåííîé (ðàçðåæåííîé) ñåòêå X̃ ðàññìîòðèì
ñïëàéíû ω̃j(t), j ∈ Z.

Ïóñòü ξ
def
= xk+1, à x̃j � óçëû âíîâü ïîëó÷åííîé ñåòêè X̃

def
=

{x̃j | j ∈ Z} :

x̃j
def
=

{
xj ïðè j 6 k,
xj+1 ïðè j > k + 1.

(9)

Óñëîâèìñÿ ñòàâèòü âîëíó ñâåðõó íàä îáîçíà÷åíèÿìè âñåõ ðàíåå
ââåäåííûõ îáúåêòîâ, îïðåäåëÿåìûõ íîâîé ñåòêîé X̃.Ôóíêöèè ω̃j(t)
ìîæíî îòûñêàòü ïî ôîðìóëå (8), çàìåíèâ óçëû èñõîäíîé ñåòêè xj
íà óçëû x̃j , j ∈ Z.

Íåòðóäíî âèäåòü, ÷òî

dj = d̃j ïðè j 6 k, dj = d̃j−1 ïðè j > k + 2, (10)

a∗j = ã
∗
j ïðè j 6 k − 1, a∗j = ã

∗
j−1 ïðè j > k + 1. (11)

Î÷åâèäíî, ÷òî äëÿ t ∈ (α, β) âåðíû òîæäåñòâà

ω̃j(t) ≡ ωj(t) ïðè j 6 k − 2,
ω̃j(t) ≡ ωj+1(t) ïðè j > k + 1.

(12)

Íèæå áóäåò ïîêàçàíî, ÷òî ôîðìóëû (12) ìîæíî äîïîëíèòü
ñëåäóþùèìè ïðåäñòàâëåíèÿìè ôóíêöèé ω̃k−1 è ω̃k ÷åðåç ôóíêöèè
ωj :

ω̃k−1(t) ≡ p̃k−1,k−1ωk−1(t) + p̃k−1,kωk(t), (13)
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ω̃k(t) ≡ p̃k,kωk(t) + p̃k,k+1ωk+1(t), (14)

ãäå p̃i,j ∈ R1. Òîæäåñòâà (12)�(14) íàçûâàþòñÿ êàëèáðîâî÷íûìè
ñîîòíîøåíèÿìè.

Òåîðåìà 4. Ñïðàâåäëèâî ñîîòíîøåíèå

ω̃k−1(t) ≡ ωk−1(t) + p̃k−1,kωk(t) t ∈ (α, β), (15)

ãäå

p̃k−1,k =

(
dT
k−1a

∗
k − d

T
k−1a

∗
k+1

dT
k a
∗
k

dT
k a
∗
k+1

)
/dT

k−1ã
∗
k−1.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíî ïðåäñòàâëåíèå
ôóíêöèè ω̃k−1(t) íà ïðîìåæóòêàõ (x̃k−1, x̃k), (x̃k, ξ), (ξ, x̃k+1).

1. Çàïèñûâàÿ àïïðîêñèìàöèîííûå ñîîòíîøåíèÿ (2) ïðè t ∈
(x̃k−1, x̃k) = (xk−1, xk) äëÿ ôóíêöèé ωj(t) è ω̃j′(t) (íà ñåòêàõ X

è X̃ ñîîòâåòñòâåííî), íàõîäèì

a∗k−2 ωk−2(t) + a∗k−1 ωk−1(t) ≡ ϕ(t),

ã
∗
k−2 ω̃k−2(t) + ã

∗
k−1 ω̃k−1(t) ≡ ϕ(t).

Îòñþäà ∀ t ∈ (xk−1, xk) ïîëó÷àåì òîæäåñòâî

a∗k−2 ωk−2(t) + a∗k−1 ωk−1(t) ≡ ã
∗
k−2 ω̃k−2(t) + ã

∗
k−1 ω̃k−1(t).

Îáå ÷àñòè ïîëó÷åííîãî òîæäåñòâà óìíîæèì ñëåâà íà âåêòîð�ñòðîêó
dT
k−1 è ïðèìåì âî âíèìàíèå ðàâåíñòâà

dT
k−1 = d̃

T

k−1, a∗k−1 = ã
∗
k−1,

à òàêæå ñîîòíîøåíèÿ

dT
k−1a

∗
k−2 = d̃

T

k−1ã
∗
k−2 = 0.

Â ðåçóëüòàòå ïîëó÷èì òîæäåñòâî

dT
k−1a

∗
k−1ωk−1(t) ≡ d̃

T

k−1ã
∗
k−1ω̃k−1(t),

ôàêòè÷åñêè ñîâïàäàþùåå ñ òîæäåñòâîì (15) íà ðàññìàòðèâàåìîì
ïðîìåæóòêå, èáî íà íåì ωk(t) ≡ 0.
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2. Èç àïïðîêñèìàöèîííûõ ñîîòíîøåíèé ïðè t ∈ (x̃k, ξ) = (xk, xk+1)
íàõîäèì

ã
∗
k−1 ω̃k−1(t) + ã

∗
k ω̃k(t) ≡ a∗k−1 ωk−1(t) + a∗k ωk(t). (16)

Óìíîæàÿ òîæäåñòâî (16) ñëåâà íà âåêòîð-ñòðîêó dT
k = d̃

T

k , ó÷èòû-

âàÿ ðàâåíñòâà dT
k a
∗
k−1 = d̃

T

k ã
∗
k−1 = 0, ïîëó÷àåì òîæäåñòâî

ω̃k(t) ≡
dT
k a
∗
k

d̃
T

k ã
∗
k

ωk(t). (17)

Òåïåðü, óìíîæàÿ òîæäåñòâî (16) ñëåâà íà âåêòîð�ñòðîêó dT
k−1 =

d̃
T

k−1, èñïîëüçóÿ òîæäåñòâî (17), íàõîäèì

d̃
T

k−1ã
∗
k−1 ω̃k−1(t) + d̃

T

k−1ã
∗
k

dT
k a
∗
k

d̃
T

k ã
∗
k

ωk(t) ≡

≡ dT
k−1a

∗
k−1 ωk−1(t) + dT

k−1a
∗
k ωk(t),

îòêóäà, ïåðåíîñÿ âòîðîå ñëàãàåìîå ëåâîé ÷àñòè ïîñëåäíåãî òîæäå-
ñòâà â ïðàâóþ ÷àñòü, èñïîëüçóÿ ðàâåíñòâà ã∗k−1 = a∗k−1, ã

∗
k = a∗k+1,

ïðèõîäèì ê äîêàçûâàåìîìó òîæäåñòâó (15).
3. Ïðè t ∈ (ξ, x̃k+1) = (xk+1, xk+2) èç àïïðîêñèìàöèîííûõ ñîîò-

íîøåíèé èìååì

ã
∗
k−1 ω̃k−1(t) + ã

∗
k ω̃k(t) ≡ a∗k ωk(t) + a∗k+1 ωk+1(t). (18)

Óìíîæàÿ òîæäåñòâî (18) ñëåâà íà âåêòîð-ñòðîêó dT
k = d̃

T

k , ó÷èòû-

âàÿ ðàâåíñòâà ã∗k = a∗k+1, d̃
T

k ã
∗
k−1 = 0, ïîëó÷àåì òîæäåñòâî

ω̃k(t) ≡
dT
k a
∗
k

dT
k a
∗
k+1

ωk(t) + ωk+1(t). (19)

Ñíîâà, óìíîæàÿ òîæäåñòâî (18) ñëåâà íà âåêòîð�ñòðîêó dT
k−1, èñ-

ïîëüçóÿ òîæäåñòâî (19), âûâîäèì

d̃
T

k−1ã
∗
k−1 ω̃k−1(t) + d̃

T

k−1ã
∗
k

(
dT
k a
∗
k

dT
k a
∗
k+1

ωk(t) + ωk+1(t)

)
≡
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≡ dT
k−1a

∗
k ωk(t) + dT

k−1a
∗
k+1 ωk+1(t),

îòêóäà ïîëó÷àåì òîæäåñòâî (15), èáî íà ðàññìàòðèâàåìîì ïðîìå-
æóòêå ωk−1(t) ≡ 0. Èòàê, òîæäåñòâî (15) äîêàçàíî.

Òîæäåñòâî (15) óñòàíîâëåíî äëÿ âñåõ ðàññìàòðèâàåìûõ ïðî-
ìåæóòêîâ; ó÷èòûâàÿ, ÷òî ôóíêöèè ω̃k−1 ëåæàò â ïðîñòðàíñòâå
C(α, β), ïðèõîäèì ê âûâîäó, ÷òî ñîîòíîøåíèå (15) ñïðàâåäëèâî íà
èíòåðâàëå (α, β). Òåîðåìà äîêàçàíà.

Òåîðåìà 5. Ñïðàâåäëèâî òîæäåñòâî

ω̃k(t) ≡
dT
k a
∗
k

dT
k a
∗
k+1

ωk(t) + ωk+1(t) t ∈ (α, β). (20)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíî ïðåäñòàâëåíèå
ôóíêöèè ω̃k(t) íà ïðîìåæóòêàõ (x̃k, ξ), (ξ, x̃k+1), (x̃k+1, x̃k+2).

1. Èç àïïðîêñèìàöèîííûõ ñîîòíîøåíèé (2) ïðè t ∈ (x̃k, ξ) =
(xk, xk+1) íàõîäèì

ã
∗
k−1 ω̃k−1(t) + ã

∗
k ω̃k(t) ≡ a∗k−1 ωk−1(t) + a∗k ωk(t),

îòêóäà, óìíîæàÿ ñëåâà íà âåêòîð�ñòðîêó dT
k = d̃

T

k è èñïîëüçóÿ

ðàâåíñòâà ã∗k = a∗k+1 è dT
k a
∗
k−1 = d̃

T

k ã
∗
k−1 = 0, ïðèõîäèì ê äîêà-

çûâàåìîìó òîæäåñòâó (20), èáî íà ðàññìàòðèâàåìîì ïðîìåæóòêå
ωk+1(t) ≡ 0.

2. Ïðè t ∈ (ξ, x̃k+1) = (xk+1, xk+2) ñïðàâåäëèâîñòü äîêàçûâàå-
ìîãî òîæäåñòâà óñòàíîâëåíà ðàíåå (ñì. ôîðìóëó (19)).

3. Òåïåðü ðàññìîòðèì ñëó÷àé t ∈ (x̃k+1, x̃k+2) = (xk+2, xk+3); èç
àïïðîêñèìàöèîííûõ ñîîòíîøåíèé ïîëó÷àåì

ã
∗
k ω̃k(t) + ã

∗
k+1 ω̃k+1(t) ≡ a∗k+1 ωk+1(t) + a∗k+2 ωk+2(t). (21)

Èç ðàâåíñòâ ã
∗
k+1 = a∗k+2, ω̃k+1(t) ≡ ωk+2(t), âûòåêàþùèõ èç

ñâîéñòâ (11) è (12) ñîîòâåòñòâåííî, âèäíî, ÷òî ïîñëåäíåå ñëàãàå-
ìîå ëåâîé ÷àñòè òîæäåñòâà (21) è ïîñëåäíåå ñëàãàåìîå åãî ïðàâîé
÷àñòè ñîâïàäàþò. Òàêèì îáðàçîì, óìíîæàÿ ñîîòíîøåíèå (21) íà

âåêòîð-ñòðîêó dT
k = d̃

T

k è ó÷èòûâàÿ ðàâåíñòâî ã
∗
k = a∗k+1, ïðè-

õîäèì ê äîêàçûâàåìîìó òîæäåñòâó (20), èáî íà ðàññìàòðèâàåìîì
ïðîìåæóòêå ωk(t) ≡ 0.

Ïðèíèìàÿ âî âíèìàíèå òî, ÷òî ôóíêöèè ω̃k ëåæàò â ïðîñòðàíñò-
âå C(α, β), âèäèì, ÷òî òåîðåìà ïîëíîñòüþ äîêàçàíà.
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Òåîðåìà 6. Äëÿ j, k ∈ Z è t ∈ (α, β) ñïðàâåäëèâû êàëèáðî-
âî÷íûå ñîîòíîøåíèÿ

ω̃j(t) ≡


ωj(t) ïðè j 6 k − 2,
ωk−1(t) + p̃k−1,k ωk(t) ïðè j = k − 1,
p̃k,k ωk(t) + ωk+1(t) ïðè j = k,
ωj+1(t) ïðè j > k + 1,

(22)

ãäå

p̃k−1,k =

(
dT
k−1a

∗
k − d

T
k−1a

∗
k+1

dT
k a
∗
k

dT
k a
∗
k+1

)
/dT

k−1ã
∗
k−1, (23)

p̃k,k =
dT
k a
∗
k

dT
k a
∗
k+1

. (24)

Äîêàçàòåëüñòâî íåïîñðåäñòâåííî âûòåêàåò èç óñòàíîâëåííûõ
ðàíåå ôîðìóë (12), (15), (20). Äðóãîå äîêàçàòåëüñòâî, ïðèâëåêà-
þùåå áèîðòîãîíàëüíûå ñèñòåìû ôóíêöèîíàëîâ, èìååòñÿ â ðàáî-
òå [8].

Ðàññìîòðèì ñëó÷àé, êîãäà èñõîäíàÿ ñåòêà X äîïîëíÿåòñÿ íî-
âûì óçëîì ξ, è íà ïîëó÷åííîé òàêèì îáðàçîì èçìåëü÷åííîé ñåòêå
X ñòðîÿòñÿ ñïëàéíû ωj(t), j ∈ Z.

Ïóñòü ξ ∈ (xk, xk+1), à xj � óçëû âíîâü ïîëó÷åííîé ñåòêè X
def
=

{xj | j ∈ Z}:

xj
def
=


xj ïðè j 6 k,

ξ ïðè j = k + 1,
xj−1 ïðè j > k + 2.

(25)

Áóäåì íàä÷åðêèâàòü îáîçíà÷åíèÿ âñåõ ðàíåå ââåäåííûõ îáúåê-
òîâ, îïðåäåëÿåìûõ íîâîé ñåòêîéX.Ôóíêöèè ωj(t) ìîæíî îòûñêàòü
ïî ôîðìóëå (8), çàìåíèâ óçëû èñõîäíîé ñåòêè xj íà óçëû xj , j ∈ Z.

Òåîðåìà 7. Äëÿ j, k ∈ Z è t ∈ (α, β) ñïðàâåäëèâû êàëèáðî-
âî÷íûå ñîîòíîøåíèÿ

ωj(t) ≡


ωj(t) ïðè j 6 k − 2,
ωk−1(t) + pk−1,k ωk(t) ïðè j = k − 1,
pk,k ωk(t) + ωk+1(t) ïðè j = k,
ωj+1(t) ïðè j > k + 1,

(26)
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ãäå

pk−1,k =

(
d
T

k−1a
∗
k − d

T

k−1a
∗
k+1

d
T

k a
∗
k

d
T

k a
∗
k+1

)
/d

T

k−1a
∗
k−1, (27)

pk,k =
d
T

k a
∗
k

d
T

k a
∗
k+1

. (28)

Äîêàçàòåëüñòâî ïðèâåäåíî â ðàáîòå [9].
5. Ìàòðèöû ðåêîíñòðóêöèè íà èíòåðâàëå (α, β). Äàäèì

ìàòðè÷íûé âàðèàíò ôîðìóëèðîâêè òåîðåìû 6. Ââåäåì áåñêîíå÷-
íîìåðíûå âåêòîð-ñòîëáöû, êîìïîíåíòàìè êîòîðûõ ÿâëÿþòñÿ ôóíê-
öèè ωj(t) è ω̃j(t), j ∈ Z:

ω(t)
def
= (. . . , ω−2(t), ω−1(t), ω0(t), ω1(t), ω2(t), . . .)

T ,

ω̃(t)
def
= (. . . , ω̃−2(t), ω̃−1(t), ω̃0(t), ω̃1(t), ω̃2(t), . . .)

T .

Òåîðåìà 8. Ñïðàâåäëèâî ðàâåíñòâî

ω̃(t) = P̃ω(t) ⇔ ω̃i(t) =
∑
j∈Z

p̃i,j ωj(t) ∀ i ∈ Z, (29)

ãäå P̃ � áåñêîíå÷íàÿ ìàòðèöà âèäà P̃
def
= (p̃i,j)i,j∈Z, ýëåìåíòû êî-

òîðîé çàäàþòñÿ ðàâåíñòâàìè

p̃i,j =


δi,j ïðè i 6 k − 2, ∀j,
δk−1,j ïðè i = k − 1, j 6= k,
δk+1,j ïðè i = k, j 6= k,
δi,j−1 ïðè i > k + 1, ∀j,

à òàêæå ôîðìóëàìè (23)�(24).

Ìàòðèöà P̃ íàçûâàåòñÿ ìàòðèöåé óêðóïíÿþùåé (ðàçðåæàþ-
ùåé) ðåêîíñòðóêöèè íà èíòåðâàëå (α, β).
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Çàìå÷àíèå 1. Ìàòðèöó P̃ ìîæíî ïðåäñòàâèòü â âèäå

P̃
def
=



. . . k − 3 k − 2 k − 1 k k + 1 k + 2 k + 3 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .
k − 3 . . . 1 0 0 0 0 0 0 . . .
k − 2 . . . 0 1 0 0 0 0 0 . . .
k − 1 . . . 0 0 1 p̃k−1,k 0 0 0 . . .
k . . . 0 0 0 p̃k,k 1 0 0 . . .
k + 1 . . . 0 0 0 0 0 1 0 . . .
k + 2 . . . 0 0 0 0 0 0 1 . . .
k + 3 . . . 0 0 0 0 0 0 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .


.

Ââåäåì áåñêîíå÷íîìåðíûé âåêòîð-ñòîëáåö, êîìïîíåíòàìè êîòî-
ðîãî ÿâëÿþòñÿ ôóíêöèè ωj(t), j ∈ Z:

ω(t)
def
= (. . . , ω−2(t), ω−1(t), ω0(t), ω1(t), ω2(t), . . .)

T .

Äàäèì ìàòðè÷íûé âàðèàíò ôîðìóëèðîâêè òåîðåìû 7.

Òåîðåìà 9. Ñïðàâåäëèâî ðàâåíñòâî

ω(t) = Pω(t) ⇔ ωi(t) =
∑
j∈Z

pi,j ωj(t) ∀ i ∈ Z, (30)

ãäå P � áåñêîíå÷íàÿ ìàòðèöà âèäà P
def
= (pi,j)i,j∈Z, ýëåìåíòû êî-

òîðîé çàäàþòñÿ ðàâåíñòâàìè

pi,j =


δi,j ïðè i 6 k − 2, ∀j,
δk−1,j ïðè i = k − 1, j 6= k,
δk+1,j ïðè i = k, j 6= k,
δi,j−1 ïðè i > k + 1, ∀j,

à òàêæå ôîðìóëàìè (27)�(28).

Ìàòðèöà P íàçûâàåòñÿ ìàòðèöåé èçìåëü÷àþùåé (óòî÷íÿþ-
ùåé) ðåêîíñòðóêöèè íà èíòåðâàëå (α, β).
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Çàìå÷àíèå 2. Ìàòðèöó P ìîæíî ïðåäñòàâèòü â âèäå

P
def
=



. . . k − 3 k − 2 k − 1 k k + 1 k + 2 k + 3 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .
k − 3 . . . 1 0 0 0 0 0 0 . . .
k − 2 . . . 0 1 0 0 0 0 0 . . .
k − 1 . . . 0 0 1 pk−1,k 0 0 0 . . .
k . . . 0 0 0 pk,k 1 0 0 . . .
k + 1 . . . 0 0 0 0 0 1 0 . . .
k + 2 . . . 0 0 0 0 0 0 1 . . .
k + 3 . . . 0 0 0 0 0 0 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .


.

6. Ìàòðèöû ðåêîíñòðóêöèè íà îòðåçêå [a, b]. Ðàññìîò-
ðèì êàëèáðîâî÷íûå ñîîòíîøåíèÿ è ñîîòâåòñòâóþùèå ìàòðèöû ðå-
êîíñòðóêöèè â êîíå÷íîìåðíîì ñëó÷àå, èñïîëüçóÿ ââåäåííûå ðàíåå
ñóæåíèÿ âñåõ ôóíêöèé íà îòðåçîê [a, b].

Ïðåäïîëàãàÿ, ÷òî k ∈ {0, 1, . . . , n−2}, óäàëèì óçåë xk+1 èç ñåòêè
Xn; â ðåçóëüòàòå ïîëó÷èì óêðóïíåííóþ ñåòêó

X̃n : x̃−1 < a = x̃0 < x̃1 < . . . < x̃n−1 = b < x̃n,

ãäå óçëû x̃i, i = −1, . . . , n, ïî-ïðåæíåìó îïðåäåëÿþòñÿ ôîðìóëàìè
(9). Äëÿ k ∈ {0, 1, . . . , n − 1} äîáàâèì óçåë ξ ∈ (xk, xk+1) ê ñåòêå
Xn; â ðåçóëüòàòå ïîëó÷èì èçìåëü÷åííóþ ñåòêó

Xn : x−1 < a = x0 < x1 < . . . < xn+1 = b < xn+2,

ãäå óçëû xi, i = −1, . . . , n+ 2, ïî-ïðåæíåìó îïðåäåëÿþòñÿ ôîðìó-
ëàìè (25).

Ââåäåì êîíå÷íîìåðíûå âåêòîð-ôóíêöèè

ω(n)(t)
def
= (ω−1(t), ω0(t), . . . , ωn−1(t))

T ,

ω̃(n)(t)
def
= (ω̃−1(t), ω̃0(t), . . . , ω̃n−2(t))

T ,

ω(n)(t)
def
= (ω−1(t), ω0(t), . . . , ωn(t))

T .

Ââèäó ðàâåíñòâà (29) â êîíå÷íîìåðíîì ñëó÷àå êàëèáðîâî÷íûå
ñîîòíîøåíèÿ äëÿ k ∈ {0, 1, . . . , n−2}, t ∈ [a, b] ìîãóò áûòü çàïèñàíû
â âèäå

ω̃(n)(t) = P̃n ω(n)(t),
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ãäå P̃n � ïðÿìîóãîëüíàÿ ÷èñëîâàÿ ìàòðèöà ðàçìåðîâ n× (n+ 1) :

P̃n
def
=



−1 . . . k − 3 k − 2 k − 1 k k + 1 k + 2 . . . n − 1

−1 1 . . . 0 0 0 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
k − 4 0 . . . 0 0 0 0 0 0 . . . 0
k − 3 0 . . . 1 0 0 0 0 0 . . . 0
k − 2 0 . . . 0 1 0 0 0 0 . . . 0
k − 1 0 . . . 0 0 1 p̃k−1,k 0 0 . . . 0
k 0 . . . 0 0 0 p̃k,k 1 0 . . . 0
k + 1 0 . . . 0 0 0 0 0 1 . . . 0
k + 2 0 . . . 0 0 0 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n − 2 0 . . . 0 0 0 0 0 0 . . . 1


.

Ìàòðèöà P̃n íàçûâàåòñÿ ìàòðèöåé óêðóïíÿþùåé (ðàçðåæàþ-
ùåé) ðåêîíñòðóêöèè íà îòðåçêå [a, b].

Ââèäó ðàâåíñòâà (30) â êîíå÷íîìåðíîì ñëó÷àå êàëèáðîâî÷íûå
ñîîòíîøåíèÿ äëÿ k ∈ {0, 1, . . . , n−1}, t ∈ [a, b] ìîãóò áûòü çàïèñàíû
â âèäå

ω(n)(t) = Pn ω(n)(t),

ãäå Pn � ïðÿìîóãîëüíàÿ ÷èñëîâàÿ ìàòðèöà ðàçìåðîâ (n+1)× (n+
2) :

Pn
def
=



−1 . . . k − 2 k − 1 k k + 1 k + 2 . . . n

−1 1 . . . 0 0 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
k − 4 0 . . . 0 0 0 0 0 . . . 0
k − 3 0 . . . 0 0 0 0 0 . . . 0
k − 2 0 . . . 1 0 0 0 0 . . . 0
k − 1 0 . . . 0 1 pk−1,k 0 0 . . . 0
k 0 . . . 0 0 pk,k 1 0 . . . 0
k + 1 0 . . . 0 0 0 0 1 . . . 0
k + 2 0 . . . 0 0 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n − 1 0 . . . 0 0 0 0 0 . . . 1


.

Ìàòðèöà Pn íàçûâàåòñÿ ìàòðèöåé èçìåëü÷àþùåé (óòî÷íÿþ-
ùåé) ðåêîíñòðóêöèè íà îòðåçêå [a, b].
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7. Áèîðòîãîíàëüíàÿ ñèñòåìà ôóíêöèîíàëîâ è ìàòðèöû

äåêîìïîçèöèè. Ðàññìîòðèì íåêîòîðîå ëèíåéíîå ïðîñòðàíñòâî U
íàä ïîëåì âåùåñòâåííûõ ÷èñåë è ñîïðÿæåííîå åìó ïðîñòðàíñòâî U∗

ëèíåéíûõ ôóíêöèîíàëîâ f íàä ïðîñòðàíñòâîì U. Çíà÷åíèå ôóíê-
öèîíàëà f íà ýëåìåíòå u ∈ U îáîçíà÷èì ÷åðåç 〈f, u〉. Ñèñòåìà ôóíê-
öèîíàëîâ {fj}j∈Z áèîðòîãîíàëüíà ñèñòåìå ôóíêöèé {ωj′}j′∈Z, åñëè
〈fj , ωj′〉 = δj,j′ ∀j, j′ ∈ Z, ãäå δj,j′ � ñèìâîë Êðîíåêåðà.

Ðàññìîòðèì ëèíåéíûå ôóíêöèîíàëû {fj}j∈Z, çàäàííûå íà ïðîñ-
òðàíñòâå C(α, β) ôîðìóëîé

〈fj , u〉
def
= u(xj+1), u ∈ C(α, β), j ∈ Z. (31)

Ðåçóëüòàò äåéñòâèÿ ôóíêöèîíàëà fj íà ôóíêöèþ u îïðåäåëÿåò-
ñÿ çíà÷åíèåì ýòîé ôóíêöèè â òî÷êå xj+1; ýòó òî÷êó áóäåì íàçûâàòü
íîñèòåëåì ôóíêöèîíàëà fj è ïèñàòü suppfj = xj+1.

Òåîðåìà 10. Ñèñòåìà ëèíåéíûõ ôóíêöèîíàëîâ {fj}j∈Z áèîð-
òîãîíàëüíà ñèñòåìå ôóíêöèé {ωj′}j′∈Z, ò. å.

〈fj , ωj′〉 = δj,j′ , ∀j, j′ ∈ Z. (32)

Äîêàçàòåëüñòâî. Ïîñêîëüêó ïðè j 6 j′ − 1 è ïðè j > j′ + 1
òî÷êà xj+1 íå ÿâëÿåòñÿ âíóòðåííåé òî÷êîé íîñèòåëÿ íåïðåðûâíîé
ôóíêöèè ωj′ , òî ñàìà ôóíêöèÿ â ýòîé òî÷êå ðàâíà íóëþ, ïîýòî-
ìó ôóíêöèîíàë (31) íà òàêîé ôóíêöèè îáðàùàåòñÿ â íóëü. Ñëåäî-
âàòåëüíî äëÿ äîêàçàòåëüñòâà (32) äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé
j′ = j. Ïðè u = ωj ñîãëàñíî (31) è (8) èìååì 〈fj , ωj〉 = ωj(xj+1) = 1.
Òåîðåìà äîêàçàíà.

Ðàññìîòðèì èíòåðïîëÿöèîííóþ çàäà÷ó

u(xj+1) = vj , u ∈ S(X,A∗,ϕ), ∀j ∈ Z, (33)

ãäå {vj}j∈Z � çàäàííàÿ ïîñëåäîâàòåëüíîñòü ÷èñåë (áåñêîíå÷íàÿ â
îáå ñòîðîíû).

Òåîðåìà 11. Â ïðîñòðàíñòâå S(X,A∗,ϕ) ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå çàäà÷è (33), è ýòî ðåøåíèå äàåòñÿ ôîðìóëîé

u(t) =
∑
j∈Z

vj ωj(t). (34)

Äîêàçàòåëüñòâî âûòåêàåò èç òåîðåìû 10.
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Çàìå÷àíèå 3. Ïðè êàæäîì ôèêñèðîâàííîì t ∈ (α, β) â ñóì-
ìå (34) èìååòñÿ íå áîëåå äâóõ íåíóëåâûõ ñëàãàåìûõ.

Ðàññìîòðèì ñèñòåìó ôóíêöèîíàëîâ {f̃j}j∈Z áèîðòîãîíàëüíóþ

ñèñòåìå {ω̃j′}j′∈Z. Âû÷èñëèì çíà÷åíèÿ ôóíêöèîíàëà f̃j íà ôóíê-
öèÿõ ωj′(t). Ïóñòü äàëåå

qj,j′
def
= 〈f̃j , ωj′〉 ∀ j, j′ ∈ Z.

Òåîðåìà 12. Äëÿ j, j′, k ∈ Z ñïðàâåäëèâû ðàâåíñòâà

qj,j′ =

 δj,j′ ïðè j′ 6 k − 1,
0 ïðè j′ = k,
δj,j′−1 ïðè j′ > k + 1.

(35)

Äîêàçàòåëüñòâî. Áëàãîäàðÿ ñîîòíîøåíèÿì (12) è (32) äëÿ
j′ 6 k − 2,∀j âûïîëíÿþòñÿ ðàâåíñòâà

qj,j′ = 〈f̃j , ωj′〉 = 〈f̃j , ω̃j′〉 = δj,j′ ,

à äëÿ j′ > k + 2,∀j âåðíû ðàâåíñòâà

qj,j′ = 〈f̃j , ωj′〉 = 〈f̃j , ω̃j′−1〉 = δj,j′−1.

Ïóñòü j′ = k. Ââèäó òîãî, ÷òî suppωk = [xk, xk+2] = [x̃k, x̃k+1]
ïîëó÷àåì

qj,k = 〈f̃j , ωk〉 = ωk(x̃j+1) = 0. (36)

Ïóñòü j′ = k − 1. Èñïîëüçóÿ ñîîòíîøåíèÿ (22), (32) è (36) èìååì

qj,k−1 = 〈f̃j , ωk−1〉 = 〈f̃j , ω̃k−1〉 − pk−1,k 〈f̃j , ωk〉 = δj,k−1.

Ïóñòü j′ = k + 1. Èñïîëüçóÿ ñîîòíîøåíèÿ (26), (32) è (36) èìååì

qj,k+1 = 〈f̃j , ωk+1〉 = 〈f̃j , ω̃k〉 − pk,k 〈f̃j , ωk〉 = δj,k.

Òåîðåìà äîêàçàíà.
Âû÷èñëèì çíà÷åíèÿ ôóíêöèîíàëà fj íà ôóíêöèÿõ ωj′(t). Àíà-

ëîãè÷íî òåîðåìå 12 äîêàçûâàåòñÿ [9], ÷òî

〈fj , ωj′〉 = qj,j′ , j, j′ ∈ Z,

ãäå qj,j′ îïðåäåëÿþòñÿ ôîðìóëîé (35).
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Çàìå÷àíèå 4. Ïóñòü ñèñòåìà ôóíêöèîíàëîâ {f j}j∈Z áèîð-
òîãîíàëüíà ñèñòåìå {ωj′}j′∈Z. Òîãäà äëÿ âñåõ j, j′ ∈ Z âûïîëíÿ-
þòñÿ ðàâåíñòâà

p̃j,j′ = 〈fj′ , ω̃j〉, pj,j′ = 〈f j′ , ωj〉.

Äàëåå ðàññìîòðèì ìàòðèöó Q
def
= (qi,j)i,j∈Z, ýëåìåíòû êîòîðîé

çàäàþòñÿ ôîðìóëàìè (35). Ìàòðèöà Q íàçûâàåòñÿ ìàòðèöåé äå-
êîìïîçèöèè íà èíòåðâàëå (α, β).

Òåîðåìà 13. Ìàòðèöà Q ÿâëÿåòñÿ ëåâîé îáðàòíîé ê ìàò-

ðèöàì P̃T è P
T
.

Äîêàçàòåëüñòâî. Òðàíñïîíèðóÿ ñîîòíîøåíèå (29), ïîëó÷àåì
ðàâåíñòâî âåêòîð-ñòðîê

ω̃T (t) = ωT (t)P̃T . (37)

Óìíîæàÿ ýòî ðàâåíñòâî íà âåêòîð-ñòîëáåö f̃
def
= (f̃j)j∈Z, ââèäó ñâîé-

ñòâà áèîðòîãîíàëüíîñòè (32) ñëåâà ïîëó÷àåì åäèíè÷íóþ ìàòðèöó
I, à ñïðàâà ïîÿâëÿåòñÿ ìàòðèöà Q (ñì. ôîðìóëû (35)). Èòàê, èç

(37) íàõîäèì I = QP̃T . Òðàíñïîíèðóÿ ñîîòíîøåíèå (30), ïîëó÷àåì
ðàâåíñòâî âåêòîð-ñòðîê

ωT (t) = ωT (t)P
T
.

Óìíîæàÿ ýòî ðàâåíñòâî íà âåêòîð-ñòîëáåö f
def
= (fj)j∈Z íàõîäèì

I = QP
T
. Òåîðåìà äîêàçàíà.

Ðàññìîòðèì ïðåäñòàâëåíèå ìàòðèöû äåêîìïîçèöèè íà îòðåçêå
[a, b]. Âûäåëèì èç ìíîæåñòâà ôóíêöèîíàëîâ {fj}j∈Z êîíå÷íûé íà-

áîð èç n + 1 ôóíêöèîíàëîâ, èç ìíîæåñòâà ôóíêöèîíàëîâ {f̃j}j∈Z
êîíå÷íûé íàáîð èç n ôóíêöèîíàëîâ, èç ìíîæåñòâà ôóíêöèîíàëîâ
{f j}j∈Z êîíå÷íûé íàáîð èç n+ 2 ôóíêöèîíàëîâ.

Òåîðåìà 14. Äëÿ ñèñòåì ôóíêöèîíàëîâ {fj}j∈J1,n−1
, {f̃i}i∈J1,n−2

,

{fk}k∈J1,n ñïðàâåäëèâû ðàâåíñòâà

〈fj , ωj′〉 = δj,j′ , j, j′ ∈ J1,n−1,

〈f̃i, ω̃i′〉 = δi,i′ , i, i′ ∈ J1,n−2,
〈fk, ωk′〉 = δk,k′ , k, k′ ∈ J1,n,

ïðè÷åì supp fj ⊂ [a, b], supp f̃i ⊂ [a, b], supp fk ⊂ [a, b].
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Äîêàçàòåëüñòâî ñëåäóåò èç ôîðìóëû (32).

Ïðÿìîóãîëüíàÿ ìàòðèöà Q̃n
def
= (qi,j), i ∈ J1,n−2, j ∈ J1,n−1, ðàç-

ìåðîâ n × (n + 1) íàçûâàåòñÿ ìàòðèöåé óêðóïíÿþùåé (ðàçðå-
æàþùåé) äåêîìïîçèöèè íà îòðåçêå [a, b], ïðÿìîóãîëüíàÿ ìàòðèöà

Qn
def
= (qi,j), i ∈ J1,n−1, j ∈ J1,n, ðàçìåðîâ (n + 1) × (n + 2) íàçû-

âàåòñÿ ìàòðèöåé èçìåëü÷àþùåé (óòî÷íÿþùåé) äåêîìïîçèöèè íà
îòðåçêå [a, b].

Òåîðåìà 15. Äëÿ ìàòðèö P̃n è Q̃n, Pn è Qn ñïðàâåäëèâû
ñîîòíîøåíèÿ

Q̃n P̃
T
n = In,

Qn P
T

n = In+1,

ãäå In, In+1 � åäèíè÷íûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n è n+ 1
ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 13, ïðî-
âåäåííîìó â êîíå÷íîìåðíîì ñëó÷àå.
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ÐÅÔÅÐÀÒ

Ìàêàðîâ À. À.Ìàòðèöû ðåêîíñòðóêöèè è äåêîìïîçèöèè äëÿ

ëèíåéíûõ ñïëàéíîâ

Cïëàéíû è âýéâëåòû (âñïëåñêè) íàøëè øèðîêîå ïðèìåíåíèå
â òåîðèè èíôîðìàöèè. Âýéâëåòíûå ðàçëîæåíèÿ ñâÿçàíû ñ ñîñòàâ-
ëåíèåì ýôôåêòèâíûõ àëãîðèòìîâ îáðàáîòêè (ñæàòèÿ èëè óòî÷-
íåíèÿ) áîëüøèõ ïîòîêîâ èíôîðìàöèè. Â òåîðèè ñïëàéíîâ íàèáî-
ëåå âàæíûìè ÿâëÿþòñÿ èíòåðïîëÿöèîííûå è àïïðîêñèìàöèîííûå
ñâîéñòâà, ñâîéñòâà ãëàäêîñòè è óñòîé÷èâîñòè ðåøåíèÿ èíòåðïîëÿ-
öèîííûõ è àïïðîêñèìàöèîííûõ çàäà÷; âàæíî òàêæå ìèíèìèçèðî-
âàòü âû÷èñëèòåëüíóþ ñëîæíîñòü (îáúåì èñïîëüçóåìûõ ðåñóðñîâ
âû÷èñëèòåëüíîé ñèñòåìû: ïàìÿòè, êàíàëîâ ïåðåäà÷è ðåçóëüòàòîâ,
âðåìåíè ñ÷åòà). Åñëè óäàåòñÿ óñòàíîâèòü âëîæåííîñòü ïðîñòðàíñòâ
ñïëàéíîâ íà ïîñëåäîâàòåëüíîñòè èçìåëü÷àþùèõñÿ èëè óêðóïíÿþ-
ùèõñÿ ñåòîê è ïðåäñòàâèòü öåïî÷êó âëîæåííûõ ïðîñòðàíñòâ â âè-
äå ïðÿìîé ñóììû âýéâëåòíûõ ïðîñòðàíñòâ, à òàêæå ðåàëèçîâàòü
áàçèñíûå ôóíêöèè ñ ìèíèìàëüíîé äëèíîé íîñèòåëÿ, òî âû÷èñëè-
òåëüíàÿ ñëîæíîñòü îêàçûâàåòñÿ ïðèåìëåìîé.

Âàæíîé çàäà÷åé ïðè ïîñòðîåíèè ñïëàéí-âýéâëåòíîãî ðàçëîæå-
íèÿ ÿâëÿåòñÿ ðàçðàáîòêà ñïîñîáà ïðîåêòèðîâàíèÿ èñõîäíîãî ïðî-
ñòðàíñòâà ñïëàéíîâ íà âëîæåííîå ïðîñòðàíñòâî ñïëàéíîâ. Âûáîð
ýòîãî ñïîñîáà ïðèâîäèò ê ìàòðèöàì äåêîìïîçèöèè/ðåêîíñòðóêöèè,
ïðèìåíÿåìûì äëÿ âýéâëåòíîãî ðàçëîæåíèÿ ïîòîêîâ ÷èñëîâîé èí-
ôîðìàöèè.

Öåëü äàííîé ðàáîòû � ïîñòðîèòü ñïëàéíû ëàãðàíæåâà òè-
ïà ïåðâîãî ïîðÿäêà, äîêàçàòü âëîæåííîñòü ïðîñòðàíñòâ ñïëàéíîâ
íà ïîñëåäîâàòåëüíîñòè óêðóïíÿþùèõñÿ/èçìåëü÷àþùèõñÿ íåðàâíî-
ìåðíûõ ñåòîê, ïîñòðîèòü ïðîñòóþ ðåàëèçàöèþ ñèñòåìû ôóíêöèî-
íàëîâ, áèîðòîãîíàëüíóþ ñèñòåìå ñïëàéíîâ, ïîëó÷èòü ìàòðèöû ðå-
êîíñòðóêöèè è äåêîìïîçèöèè â ñëó÷àÿõ íåðàâíîìåðíîé áåñêîíå÷-
íîé (íà îòêðûòîì èíòåðâàëå) è êîíå÷íîé (íà îòðåçêå) ñåòîê.
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SUMMARY

Makarov A. A. The reconstruction and decomposition matrixes

for linear splines.

Splines and wavelets are widely used in information theory. Wavelet
decompositions are connected with constructing e�ective algorithms
for processing (compression) large digital information �ows. If (α, β) =
R1 and a grid is uniform, one can apply the powerful tools of harmonic
analysis (in the space of functions L2(R1) and in the space of sequences
l2), lifting scheme or wavelet scheme. For digital information �ows with
rapidly varying characteristics it is reasonable to use a nonuniform grid
adapted to the �ow under processing. This allows us to improve an
approximation of functions without di�cult calculations. The situation
where a grid is nonuniform and (α, β) does not coincide with the real
axis, has not been studied well since methods of harmonic analysis are
not easily applicable in this case.

The goal of this paper is to construct continuous spline of Lagrange
type, to construct calibration relations in the case of class of coordinate
non-polynomial splines connected with re�nement of grids, to prove
embedding of spaces of spline spaces for arbitrary re�nement of grids,
to construct the reconstruction matrixes in the case of a grid on an
open interval and a grid on a segment, to provide a simple realization
of the system of functionals biorthogonal to the coordinate splines, to
construct the decomposition matrixes in the case of a grid on an open
interval and a grid on a segment. Finite dimensionality of mentioned
spaces allows one to get spline wavelet decomposition for segment [a, b]
with restriction discussed functions from interval (α, β) to [a, b], where
[a, b] ⊂ (α, β).

Note that obtained splines are not polynomial generalizations of B-
splines. The splines include as a special case trigonometric, hyperbolic,
and exponential splines.
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