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Purpose: Orthogonal matrices with many applications introduced by J. J. Sylvester have been become famous: Hadamard
matrices, symmetric conference matrices, and weighing matrices are the best known of these matrices with entries from
the unit disk. The goal of this note is to develop a theory of such orthogonal matrices based on preliminary research results.
Methods: Extreme solutions (using the determinant) have been established by minimization of the maximum of the abso-
lute values of the elements of the matrices followed by their subsequent classification. Results: We show that if S is a core
of a symmetric conference weighing matrix, then there exists a three-level orthogonal matrix, X. We apply this result to the
three-level matrices given by Paley using Legendre symbols to give a new infinite family of Cretan orthogonal matrices.
An algorithmic optimization procedure is known which raises the value of the determinant. Our example is for Cretan matrices
upto, say four decimal places (but could be made more). Practical relevance: The over-riding aim is to seek Cretan matrices
as they have many applications in image processing (compression, masking) to statisticians undertaking medical or agricul-
tural research, and to obtain lossless circuits for telecommunications conference networking. Web addresses are given for
other illustrations and other matrices with similar properties. Algorithms to construct Cretan matrices have been implemented
in developing software of the research program-complex.
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Introduction

A Cretan(n) matrix, (CM), is a orthogonal ma-
trix of order n with moduli of entries < 1, where
there must be at least one 1 per row and column.
The inner product of a row of CM(n) with itself is
the weight ®. The inner product of distinct rows
of CM(n) is zero. An t-level Cretan(n; 1; ®) matrix,
CM(n; t; ®), has t levels or values for its entries.

The definition of Cretan is not that each variable
occurs some number of times per row and column
but L;, Ly, ..., L_times in the whole matrix. So we
have CM(n; t; w; Ly, L o, ..., L) so
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isa CM(3), a CM(3;2), a CM(3;2;2,1), a CM(3;2;2.25),
a CM(3;2;2.25;6,3) depending on which numbers (in
brackets) are currently of interest. We call them
Cretan matrices because they were first discussed
in this generality at a conference in Crete in July,
2014.

The over-riding aim is to seek CM(n) with maxi-
mal determinants as they have many applications

in image processing (compression, masking) to
statisticians undertaking medical or agricultural
research, and to obtain lossless circuits for tele-
communications conference networking.

Definitions

This paper studies the construction of some
Cretan matrices [1-3] with three levels constructed
via weighing matrices

Definition 1. A weighing matrix, W, of order n
is an nxn matrix with elements 0, 1, -1, such that
WIW = WWT = oI where I, is the identity matrix,
o is the weight.

Weighing matrices of order 2n, n odd, are con-
jectured to exist for all W(2n; ®) where o is the sum
of two squares [4]. A W(2n; 2n — 1), for which 2n -1
must be the sum of two squares is called a confer-
ence matrix or sometimes a Belevitch matrix [5].

A normalized conference matrix has zero diag-
onal and otherwise first row and column = 1. The
most famous of these are from the Paley construc-
tion for 2n — 1 a prime power congruent to 1 modu-
lo 4[6]. Many other normalized conference matrices
are known. For additional details see the books and
surveys in the bibliography, for example, [5, 7].
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Definition 2. The values of the entries of a ma-
trix are called levels [1, 2].

There is a trivial one-level matrix for every or-
der n; it is the zero matrix of order n.

Hadamard matrices [5, 8, 9] are two-level matri-
ces; symmetric conference matrices [7] and weigh-
ing matrices [4] are three-level matrices.

Example 1. For n = 4t — 2 = 10, we have a three-
level symmetric conference matrix (Fig. 1).

Orthogonal matrices with maximal determinant
of odd orders have been discovered with a larger
number of levels [1].

We will denote the level /values of two-level ma-
trices as a, —b; for positive0<b<a = 1.

Definition 3. A real square matrix X of order n
is called orthogonal if it satisfies XTX = XXT = ol ,
where I, is the nxn identity matrix, and o is a con-
stant real number.

In this and future work we will only use orthog-
onal to refer to matrices with moduli of real ele-
ments < 1 [2], where at least one entry in each row
and column must be 1.

Hadamard matrices [5], symmetric conference
matrices [7], and weighing matrices [4] are the best
known of these matrices with entries from the unit
disk [2, 8].

Definition 4. A Cretan matrix, S, order n, is an
orthogonal matrix which has indeterminate en-
tries, x4, Xy, X3, X4, ..., X.. It is said to have t levels.

The STS = SST have diagonal entries the weight
o(n) and off diagonal entries 0.

CM-matrices can be defined by a function w(n)
or functions x,(n), x4(n), x53(n), x4(n), ..., x (n). We
write CM(n; x1(n), x5(n), x5(n), x4(n), ..., x (n); o(n);
determinant) as shorthand.

Notation: When the variable (indeterminate) en-
tries, x;, Xy, X3, ..., X  OCCUT 81, Sy, S3, ..., $_ times in
each row and column, we write CM(7; s;, Sy, S3, ..y
55 x1(n), xy5(n), x5(n), ..., x(n); ®(n); determinant) as
shorthand.

Review and questions of existence are discussed
in[2, 3, 10, 11].

Balonin N. and Sergeev M. [3] and Sergeev A.
[12] conjectured that the resolution of the question

B Fig. 1. Symmetric conference matrix of order 10
(entries 1 and -1 given as red and blue
squares, level 0 given by green squares)

of the existence of orthogonal matrices and their
generalizations discussed here depends on the order:

— for n = 4t, t an integer, at least 2 levels, a, —b,
a=>b, are needed;

— forn=4t—1, at least 2levels,a=1, -b, b<a,
are needed;

— for n =4t — 2, at least 2 levels,a=1, -b, b <a,
are needed for a two blocks construction;

— for n = 4t — 3, at least 3 levels, a = 1, —b, ¢,
b<a,c<a,are needed.

Normalized Weighing Matrix Core
Construction

We now use Paley’s famous Legendre symbol
construction [6] for (0,1,-1) orthogonal matrices of
order p congruent 1 modulo 4 (p = 4¢ — 3), for prime
powers p, to obtain three-level Cretan matrix.

Suppose there exists a normalized conference
matrix, C, of order 4t — 2, that is a W(4t — 2; 4t — 3).
Then C may be written as

011 ...1
1
C=|1

Removing the first row and column, this gives the
core of the conference matrix, and replacing the ones
of Sbya,a=1, the —1s of S by —b, and the zeros of S
by c gives a three-level CM(4t — 3; a = 1; -b; c) satisfy-
ing equation STS = SST = vl,,_,.

The matrix orthogonality equation STS = SST =
=ol,,isasetof n? scalarequations, giving twokinds
of formulae: g(a, b, ¢) = ®, there are n such equa-
tions, and f(a, b, ¢) = 0, there are n2— n such equa-
tions. We concentrate on two of them: g(a, b, ¢) = o,
f(a, b,¢c)=0.

The entries in ol, which are on the diagonal, are
given by the radius equation o = g(a, b, c), they de-
pend on the choice of a, b, c. If a =1, then o < n.

The maximal weight ® = n arises from Hadamard
matrices and symmetric conference matrices which
have ® = n — 1. Cretan matrices can have also irra-
tional values for the weight.

The second equation f(a, b, ¢) = 0 (or equations,
the same type) we name the characteristic equa-
tion, as it allows us to find a formulae for level b, c;
c<b<a.

Level a = 1 is pre-determined for all Cretan ma-
trices.

Three-level orthogonal matrices CM(n = 4t — 3;

1
a=1;-b;¢); -b=2c-1; c=—F
1++n

cores of symmetric conference matrices with non-
zero diagonal elements c.

are based on
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a) b)

B Fig.2. Orthogonal matrices: a — the conference
matrix of order 6 (entries 1 and —1 given as
red and blue squares, zero level given by
green squares); b — the Cretan matrix of
order 5 (entries a = 1 and —b given as red and
blue squares, level ¢ given by green squares)

Example2.Forn=4t—3=5,atleast3levels,a=1,
-b, c,b<a,c<a,are needed. The radius equation is
2a2 + 2b2 + ¢2 = w; the characteristic equations are
b2+ 2ac — 2ab =0 and a2 — 2bc — 2ab = 0.

The normalized conference matrix (Fig. 2, a),
has a symmetric one circulant core giving three-
level Cretan matrix (Fig. 2, b) ,a =1, level c =1
is incompatible, due characteristic equations, with

1
bound b < 1, the possible ¢=
+5

1-V5 with o=2a%+2b% +¢2 =

1++/5
—2.3873.

<1 gives solu-

tion —b=2c—1=

:[1+5J3

So we have CM[n =52,2,1;a=1,-b,c;a=1,

-b=2c-1; c= =

1 5 F
0) ; det = 8.8057.
1+5 [«/5+1] ]
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Conclusion

This paper gives the set of basic definitions
used in all works of this area tied with questions
of Cretan matrices (orthogonal matrices) usage.
It helps us work in a new area with well defined
statements. Importantly there is an optimization
procedure to raise determinant of the computer
generated matrix. Our example is a "computa-
tionally-Cretan™ matrix, but not "theoretically-
Cretan”, it is a Cretan matrix if we allow round-off
errors to be sufficiently small. This is important
because it highlights the difference between an
engineering solution, where some tolerance is per-
mitted, and the theoretical solution, which must
be exact.
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