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Purpose: In analogy with the ordinary and the periodic Golay pairs, we introduce also the negaperiodic Golay pairs. 
(They occurred first, under a different name, in a paper of Ito.) Methods: We investigate the construction of Hadamard (and 
weighing) matrices from two negacyclic blocks (2N-type). The Hadamard matrices of 2N-type are equivalent to negaperiodic 
Golay pairs. Results: If a Hadamard matrix is also a Toeplitz matrix, we show that it must be either cyclic or negacyclic. We 
show that the Turyn multiplication of Golay pairs extends to a more general multiplication: one can multiply Golay pairs of 
length g and negaperiodic Golay pairs of length v to obtain negaperiodic Golay pairs of length gv. We show that the Ito’s 
conjecture about Hadamard matrices is equivalent to the conjecture that negaperiodic Golay pairs exist for all even lengths. 
Practical relevance: Hadamard matrices have direct practical applications to the problems of noise-immune coding and 
compression and masking of video information.
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Introduction

The Golay pairs (abbreviated as G-pairs, and al-
so known as Golay sequences) have been introduced 
in a note of M. Golay [1] published in 1961. Since 
then they have been studied by many reseachers 
and used in various combinatorial constructions, 
in particular for the construction of Hadamard ma-
trices [2] and [3, Ch. 23].

The periodic Golay pairs (PG-pairs) made their 
first appearance, under a different name, in a note 
of the second author [4] published in 1998. They are 
equivalent to Hadamard matrices built from two 
circulant blocks (2C-type). It is now known that pe-
riodic Golay pairs exist for infinitely many lengths 
for which no ordinary Golay pairs are known [5].

In this paper we complete the picture by defining 
the negaperiodic Golay pairs (NG-pairs). These pairs 
are equivalent to Hadamard matrices built from two 
negacyclic blocks (2N-type). The NG-pairs were first 
introduced by N. Ito, under the name of “associated 
pairs”, in his paper [6] published in 2000. An intere-
seting observation is that the ordinary Golay pairs are 
precisely the pairs which are both PG and NG-pairs.

In an earlier paper [7] Ito proposed a conjecture 
which is stronger than the famous Hadamard con-
jecture. It turns out that his conjecture is equiva-
lent to the assertion that the NG-pairs exist for 
all even lengths. This is drastically different from 
the known facts about ordinary and periodic Golay 
pairs. Examples of NG-pairs of even length 92 
are listed in [6]. As far as we know, no NG-pairs of 
length 94 have been constructed. 

We now describe the content of each of the re-
maining sections.

k-Toeplitz matrices: We show that if a Hadamard 
matrix is also a Toeplitz matrix, then it must be cy-
clic or negacyclic. As cyclic Hadamard matrices be-
yond order 4 are not likely to exist, we conjecture 
that the same holds true for negacyclic Hadamard 
matrices beyond order 2. We have verified the lat-
ter conjecture for orders 40. As a substitute for 
Ito’s conjecture we propose the weaker conjecture 
in which the two negacyclic blocks are replaced by 
Toeplitz matrices. 

Three kind of Golay pairs: We define negaperi-
odic autocorrelation function (NAF) and NG-pairs. 
These are binary sequences of the same length v 
whose NAFs add up to zero. The length v must be 
an even integer or 1. For the sake of comparisson 
we recall some facts about ordinary and PG-pairs. 
We show that the Turyn multiplication of G-pairs 
extends to give a multiplication of G-pairs and NG-
pairs. More precisely, one can multiply G-pairs of 
length g and NG-pairs of length v to obtain NG-
pairs of length gv. In particular, one can double 
the length of any NG-pair. We also define a natural 
equivalence relation for NG-pairs.

Cyclic relative difference families: We intro-
duce a natural bijection v from the set of binary 
sequences of length v onto the set of v-subsets 
of Z2v. We recall the definition of the relative dif-
ference families in the cyclic group Z2v with respect 
to the subgroup of order 2. We show that a pair 
of binary sequences of length v is an NG-pair if 
and only if the v-images of these sequences form 
a relative difference family in Z2v. We also show 
that Ito’s conjecture, which entails the Hadamard 
matrix conjecture, is equivalent to the assertion 
that NG-pairs exist for all even lengths v.
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There are only a few known infinite series of NG-
pairs. In the subsequent three sections we treat two 
of them, the first and second Paley series. First we 
recall the definition of Paley conference matrices 
(C-matrices). They have order 1 + q where q is an 
odd prime power. Those for q  1 (mod 4) give rise to 
the first Paley series of NG-pairs, with lenth 1 + q. 
Those for q  3 (mod 4) give rise to the second Paley 
series of NG-pairs, with length (1 + q)/2. The main 
facts that we use are that all Paley C-matrices of 
the same order are equivalent and that each of these 
equivalence classes contains a negacyclic C-matrix.

Ito series: We recall that Ito constructed in [7] an 
infinite series of relative difference sets in dicyclic 
groups. Hence, this gives an infinite series of NG-
pairs to which we refer as the Ito series. However, 
we show that the Ito series is contained in the sec-
ond Paley series.

Quasi-Williamson matrices: We recall from [8, 
Theorem 2.2] the fact that the existence of Ito rela-
tive difference sets in the dicyclic group of order 8m, 
with m odd, is equivalent to the existence of four gen-
eralized Williamson matrices of order m. We coined 
the name “quasi-Williamson matrices” for this type 
of generalized Williamson matrices. The four quasi-
Williamson matrices have to be circulants but not 
necessarily symmetric. However, it is required that 
when plugged into the Williamson array they give 
a Hadamard matrix of order 4m. The known series 
of four Williamson matrices of odd order give rise to 
the series of NG-pairs. As an example, we have com-
puted four quasi-Williamson matrices of order 35.
It is not known whether quasi-Williamson matrices of 
order 47 exist, and we pose this as an open problem.

Weighing matrices of 2N-type: We apply NG-
pairs to the construction of weighing matrices of 
2N-type. For small lengths v we list in Appendi-
ces B, D and E the NG-pairs of the first and second 
Paley series and the Ito series, respectively.

k-Toeplitz Hadamard Matrices

We say that a square matrix A = [aij], i, j = 0, 
1, ..., v  1, is a Toeplitz matrix if ai,j = ai1,j1 for 
i, j > 0. In particular, we will be interested in two 
classes of Toeplitz matrices: cyclic (also known as 
circulant) and negacyclic. The cyclic and negacyclic 
matrices of order v are polynomials in the cyclic and 
negacyclic shift matrix P and N, respectively:

0 1 0 0 0
0 0 1 0 0
0 0 0 0 0

0 0 0 0 1
1 0 0 0 0

;
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 (1)

Definition 1. A k-Toeplitz matrix is a square ma-
trix A partitioned into square blocks Aij, i, j = 1, 2, 
..., k such that each block Aij is a Toeplitz matrix. 
As a special case (k = 1), a square Toeplitz matrix is 
1-Toeplitz. If each block of a k-Toeplitz matrix is cy-
clic (resp. negacyclic) we say that it is k-cyclic (resp. 
k-negacyclic). We abbreviate “k-Toeplitz”, “k-cyclic”, 
“k-negacyclic” with kT, kC, kN, respectively. 

The k-cyclic Hadamard matrices for k = 1, 2, 
4, 8 have been studied extensively [1, 2, 9–11]. 
The k-negacyclic ones also have appeared in the lit-
erature but to much lesser extent [6, 12]. In this ar-
ticle we are interested mostly in kT-type Hadamard 
and weighing matrices with k = 1, 2, 4.

For k = 1 it turns out that Toeplitz Hadamard 
matrices are necessarily cyclic or negacyclic.

Proposition 1. If H = [hij] is a Toeplitz Hadamard 
matrix of order v  0 (mod 4), then H is cyclic or 
negacyclic.

Proof: Let hi be the (i + 1)th row of H, hi = [hi,0, 
hi,1, …, hi,v1]. As the rows of H are orthogonal to 
each other, all dot products of two different rows 
are 0, hi · hj = 0 for i < j. Let j Î {2, 3, …, v  1}. Then 
the equality h0· hj1 = h1· hj simplifies and, by using 
the hypothesis that H is a Toeplitz matrix, we de-
duce that

h0,v1h0,vj = h1,0hj,0,  j = 2, 3, …, v  1.          (2)

Since the entries of H belong to {+1, 1}, we have 
two cases: h1,0 = h0,v1 and h1,0 = h0,v1.

In the former case, from the  equations (2) we de-
duce that the equality hj,0 = h0,vj holds for all j = 1, 
2, ..., v 1. This means that the matrix H is cyclic. 
Similarly, in the latter case one can show that H is 
negacyclic. 

There is a conjecture, attributed to Ryser [10, 
p. 134], that there exist no cyclic Hadamard matri-
ces of order >4. We conjecture that the negacyclic 
analog holds.

Conjecture 1. There are no negacyclic Hadamard 
matrices of order  > 2.

By using a computer we have verified this con-
jecture for orders 40.

For k = 2 we sha ll focus on two special classes 
of kT-Hadamard matrices, namely the 2C- and 
2N-Hadamard matrices having the form 

T T .
 

   

A B
H

B A
                               (3)

(XT denotes the transpose of a matrix X.)
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From now on we refer to 2T-, 2C- and 2N-matrices 
having the form (3) as matrices of 2T-type, 2C-type 
and  2N-type, respectively. 

We propose the following conjecture.
Conjecture 2. For each even integer v > 0 there 

exists a Hadamard matrix of 2T-type and order 2v.
We shall see later that the stronger conjecture 

below is equivalen t to the Ito’s conjecture about 
Hadamard matrices (see [7, 8, 13, 14]).

Conjecture 3. For each even integer v > 0 there 
exists a Hadamard matrix of 2N-type and order 2v.

Three Kinds of Golay Pairs

Let a = (a0, a1, …, av1) be a sequence  of integers 
of length v. If each ai Î {1} then we say that the se-
quence is binary. If we allow the sequence to have 
also 0s, then we say that it is ternary. One defines 
similarly the binary and ternary matrices. We shall 
consider a also as a row-vector.

There are three kinds of autocorrelation func-
tions that we attach to an arbitrary sequence a: the 
ordinary or nonperiodic (AF), the periodic (PAF), 
and negaperiodic (NAF) autocorrelation functions. 
They are defined by the formulas

1

0
AF ,( )

v k

i i k
i

k a a
 




 a   k Î Z;                  (4)

PAFa(k) = a· aPk,     k Î Z;                    (5)

NAFa(k) = a· aNk,     k Î Z,                   (6)

where “” is the dot product. In (4) we use the 
 convention that ai = 0 if i < 0 or i  v.

Note that for 0   k < v we have 

PAFa(k) = AFa(k) + AFa(v  k);                   (7)

NAFa(k) = AFa(k) AFa(v  k).                  (8)

The cyclic shift and the negacyclic shift of a are 
given explicitly by aP = (av1, a0, a1, …, av2) and 
aN = (av1, a0, a1, …, av2),  respectively.

Since Nv = I, we have NAFa(k + v) = NAFa(k) 
fo r all k. It follows immediately from (8) that 

NAFa(v – k) = NAFa(k),    0  k  v.          (9)

In particular, if v is even then NAFa(v/2) = 0. We 
also mention that a, its reverse sequence and the ne-
gashifted sequence aN all have the same NAF.

If A is the negacyclic matrix with first row a, 
then 

1
0 .v i

ii a
A N  Further, AT is negacyclic  with 

first row (a0, av1, av2, …, a1) and we have

 
1

T

0
NAF .

v
k

k
k




  aAA N                   (10)

(Similar properties are valid for cyclic matrices.)

Let us define three kinds of complementarity:
Definition 2. The integer sequences a(1), a(2), …, 

a(t), each of length v, are 

(i) complementary if    1AF 0i
t
i k  a

 for k  0;

(ii) P-complementary if    1PAF 0i
t
i k  a  

 for

0 < k < v;

(iii) N-complementary if    1NAF 0i
t
i k  a

 

for 0 < k < v.
We now define three kinds of Golay pairs.
Definition 3. A Golay pair (G-pair), periodic 

Golay pair (PG-pair), negaperiodic Golay pair 
(NG-pair) of length v is a pair (a, b) of binary se-
quences of length v which are complementary, 
P-complementary, N-complementary, respectively. 
We denote by GPv, PGPv and NGPv  the set of Golay, 
periodic Golay and negaperiodic Golay pairs of 
length v, respectively.

For instance, the pair a = (1, 1, 1, 1, 1, 1), 
b = (1, 1, 1, 1, 1, 1) is an NG-pair. It is well 
known that GP PGP 0v v    when v is odd and v > 1. 
We shall see later that this is also true for NGPv.

The equations (7) and (8) imply that for each 
v > 0 we have GPv = PGPv  NGPv.

For the definition of equivalence of G-pairs and 
of PG-pairs see e.g. [9] and [15], respectively. To 
define the equivalence of NG-pairs (a, b) of even 
length v, we introduce the elementary transforma-
tions which preserve the set of such pairs:

(i) reverse a or b;
(ii) replace a with aN or b with bN;
(iii) switch a and b;
(iv) for k relatively prime to v, replace a and b with 

the sequences    1

0mod
v

i ki v i
z a




 and    1

0mod
v

i ki v i
z b




 

respectively, where zi = 1 if ki (mod 2v) < v and 
zi = 1 otherwise;

(v) replace ai and bi with ai and bi, respectively, 
for each odd index i.

We say that two NG-pairs of the same length are 
equivalent if one can be transformed to the other by 
a finite sequence of elementary transformations.

As an example, we claim that the NG-pairs (a, b) 
and (c, d) of length 10: 

a = (+, , , , , +, , , , ), 

b = (+, , , +, , +, , +, +, );

c = (+, , +, , +, +, +, , +, ), 

d = (+, , , +, , +, , +, +, );

taken from the Appendices C and D, respectively, 
are equivalent. (We write “ + ” and ““ for 1 and 1, 
respectively.) By applying to (c, d) the elementary 
transformation (iv) with k = 9, we obtain the 
pair (a, d) where d = (+, , +, , , +, +, , , + ). 
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After reversing d and applying the negacyclic 
shifts, we can transform d to b. This proves our 
claim.

Ito [6] gives a list of NG-pairs of length v = 2t 
for all odd integers t  45. He also points out that 
no NG-pair of length 94 is known. Apparently this 
assertion remains still valid.

For lengths v  40, the number of equivalence 
classes in GPv and their representatives are known 
(see e.g. [15]). Very recently, such classification has 
been carried out in [9] for PGPv with v  40.

It is a well-known fact that there is a bijection 
from PGPv to the set of 2C-Hadamard matrices of 
order 2v. The image of (a, b) Î PGPv is the matrix 
(3) in which a and b are the first rows of the cir-
culants A and B. The following is an NG-analog of 
that result.

Proposition 2. If (a, b) is an NG-pair of length v 
then the matrix (3), where A and B are the negacy-
clic blocks with the first rows a and b respectively, is 
a 2N-type Hadamard matrix of order 2v. Moreover, 
this map is a bijection.

Proof: The formula (10) implies that if (a, b) Î 
Î NGPv, then the matrix (3) is a 2N-type Hadamard 
matrix. The converse also holds.

In view of this proposition we can restate 
Conjecture 3 as follows:

Conjecture 4. NGP 0v   for all even v > 0. 
Let us recall (see [5]) that there are two non-

equivalent multiplications 

GPg ´ PGPv  PGPgv.                      (11)

Interestingly, these two multiplications extend 
(by using the same formulas) to two multiplica-
tions

GPg ´ NGPv  NGPgv.                      (12)

Consequently, in order to prove Conjecture 4, it 
suffices to consider the case when v  2 (mod 4).

We can generalize the multiplications (11) and 
(12) by replacing PG-pairs and NG-pairs with the 
periodic comple mentary ternary (PCT) and nega-
periodic complementary ternary (NCT) pairs, re-
spectively. We denote by PCTPv,w and NCTPv,w the 
set of PCT-pairs and NCT-pairs  of length v and total 
weight w, respectively. (The weight is the number of 
nonzero terms.)

Proposition 3. The Turyn multiplication of 
Golay pairs (see [11]) extends to maps

GPg ´ PCTPv,w  PCTPgv,gw;               (13)

GPg ´ NCTPv,w  NCTPgv,gw.               (14)

Proof: The two proofs are essentially the 
same and we give the proof only for the case of 
NCT-pairs. (This proof is similar to the proof of 
[5, Proposition 3].) Given an integer sequence 
a = (a0,  a1, …, av1), we shall represent it by the poly-

nomial a(z) = a0 + a1z + … + av1zv1 in the vari-
able z. The Turyn multiplica tion (a, b)(c, d) = (e, f), 
where (a, b) Î GPg and (c, d) Î GPv,  is given by the 
formulas

        
      

1
2

1
2

;

g

g gv g

e z a z b z c z

a z b z d z z 

  

 
               

(15)

        
      

1
2

1
2

.

g gv g

g

f z b z a z c z z

a z b z d z

   

 
          

(16)

The product (e, f) Î GPgv.
Now let us assume that (c, d) Î NCTPv,w. We de-

fine the integer sequences e and f of length gv by 
the same formulas (15) and (16), respectively. It is 
easy to see that e and f are ternary sequences. Since 
(a, b) Î GPg we have

a(z)a(z1) + b(z)b(z1) = 2g.                    (17)

Since (c, d) Î NCTPv,w we have 

c(z)c(z)* + d(z)d(z)* º w mod (zv + 1).            (18)

 This is an identity in the quotient ring 
Z[z]/(zv + 1), which is equipped with the involution 
“*” sending z to z1. A computation shows that 

4e(z)e(z1) = (a(z) + b(z))(a(z1) + b(z1))c(zg)c(zg) + 

 + (a(z)  b(z))(a(z1)  b(z1))d(zg)d(zg) + 

 + (a(z) + b(z))(a(z1)  b(z1))c(zg)d(zg)zggv + 

 + (a(z)  b(z))(a( z1) + b(z1))c(zg)d(zg)zgvg;

 4f(z)f(z1) = (a(z)  b(z))(a(z1)  b(z1))c(zg)c(zg) + 

 + (a( z) + b(z))(a(z1) + b(z1))d(zg)d(zg) + 

 + (b(z)  a(z))(a(z1) + b(z1))c(zg)d(zg)zgvg + 

 + (a(z) + b(z))(b(z1)  a(z1))c(zg)d(zg)zggv.

By using (17) we obtain that 

e(z)e(z1) + f(z)f(z1) = g(c(zg)c(zg) + d(zg)d(zg)).

It follows from (18) that 

c(zg)c(zg) + d(zg)d(zg) º w mod (zgv + 1)

and so we have 

e(z)e(z1) + f(z)f(z1) º gw mod (zgv + 1).

We conclude that (e, f) Î NCTPgv,gw.
In the special case when g = 2 and (a, b) = ((+, ), 

(+, +)) we obtain a map NCTPv,w  NCTP2v,2w to 
which we refer as “multiplication by 2”.
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Cyclic Relative Difference Families

Let us define the map, v, from the set of binary 
sequences of length v into the set of v-subsets of 
the finite cyclic group Z2v of integers modulo 2v. 
If a = (a0, a1, …, av1) is a binary sequence then 

v(a) = {i : ai = 1} È {v + i : ai = 1}.           (19)

Note that v is injective and that its image con-
sists of all v-subsets X Ì Z2v such that i  j  v for 
all i, j Î X.

We also need the definition of relative difference 
families in Z2v. They are relative to the subgroup {0, 
v} of order 2.

Definition 4. The subsets X1, X2 …, XS of Z2v 
form a relative difference family if for each integer 
m Î Z2v\{0, v} the set of triples {(i, j, k):{i, j} Í Xk, 
i  j º m (mod 2v)} has fixed cardinality , indepen-
dent of m, and there is no such triple if m = v.

Note that the parameter  is uniquely deter-
mined by the obvious equation 

   
1

1 2 1 ,
s

i i
i

k k v


                        (20)

where ki = |Xi| is the cardinality of Xi.
Let us now define the equivalence of relative 

difference families consisting of two v-subsets X, 
Y Ì Z2v. First we define five types of elementary 
transformations which preserve such families:

(i) replace X or Y with its image by the map 
i  v  1  i (mod 2v);

(ii) replace X or Y with its image by the map 
i  i + 1 (mod 2v);

(iii) switch X and Y;
(iv) for k relatively prime to 2v, replace X and Y 

with their images by the map iki (mod 2v);
(v) replace X and Y with their images by the map 

which fixes the even integers and sends i  v + i 
(mod 2v) if i is  odd.

Definition 5. Two relative difference families 
(X, Y) and (X, Y) on Z2v are equivalent to each oth-
er if one can be transformed to the other by a finite 
sequence of the above elementary transformations. 

Let (a, b) be a pair of binary sequences of length 
v and let X = v(a) and Y = v(b) be the correspond-
ing v-subsets of Z2v. We shall see below that (a, b) 
is an NG-pair if and only if (X, Y) is a relative dif-
ference family. Moreover, the mapping sending 
(a, b)  (v(a), v(b)) preserves the equivalence 
classes. This follows from the fact that v com-
mutes with the elementary operations (i–v) defined 
for NG-pairs in the previous section a nd defined 
above for relative difference families. For instance, 
if a is the binary sequence obtained from a by ap-
plying the elementary transformation (i), then the 
set v(a) is obtained from v(a) by applying the el-
ementary transformation (i) defined above.

As indicated above, the NG-pairs are closely re-
lated to relative difference families. The following 
two propositions make this more precise.

Proposition 4.  Let a(1), a(2), …, a(s) be binary se-
quences of length v and let X1, X2, …, Xs be the sub-
sets of Z2v defined by Xi = v(a(i)). If X1, X2, …, Xs 
form a relative difference family in Z2v, then the se-
quences a(1), a(2), …, a(s) are N-complementary.

Proof: We identify the group ring of Z2v over 
the integers with the quotient ring Z[x]/(x2v  1) of 
the polynomial ring Z[x]. The cyclic group Z2v is 
identified with the multiplicative group x by the 
isomorphism sending i  xi. The inversion map 
on x extends to an involutory automorphism of 
Z[x]/(x2v  1) which we denote by “*”. The subsets Xi 
are now viewed as subsets of x, and will be identi-
fied with the sum of their elements in Z[x]/(x2v  1).

Since the Xi form a relative difference family, we 
have

  2 1

1 1
1 ... .

s s
v v

i i i
i i

X X k x x x x 

 
         (21)

The ring of int eger negacyclic matrices of order 
v is isomorphic to the quotient ring Z[x]/(xv + 1). 
It also has an involutory automorphism “*” which 
sends x to x1. Let f: Z[x]/(x2v  1)  Z[x]/(xv + 1) 
be the canonical homomorphism and note that 
f(xv) = 1. By applying f to the identity (21) we ob-
tain that 

   
1 1

.
s s

i i i
i i

f X f X k

 
 

Note that    1
0

v i j
i jjf X a x

  and 

       
1

1
NAF .i

v
j

i i
i

f X f X j x





  a

It follows that    0NAF 0i
s
j j  a

 for j = 1, 
2, …, v  1, i.e., the sequences a(1), a(2), …, a(s) are 
N-complementary.

The following partial converse holds.
Proposition 5. Let a = (a0, a1, …, av1) and 

b = (b0, b1, …, b v1) be an NG-pair. Then the subsets 
X = v(a) and Y = v(b) form a relative difference 
family in Z2v with parameter  = v.

Proof: We set R = Z[x]/(x2v  1), R +  = Z[x]/
(xv  1) and R = Z[x]/(xv + 1). Denote the canoni-
cal image of x Î R in R + and R by y and z, respec-
tively. In the proof of Proposition 4 we have defined 
the involution “*” in R and R + . There is also one 
in R which sends z  z1 = zv1. These involutions 
commute with the canonical homomorphisms f: 
R  R and g: R  R+. Note that R is isomorphic to 
the direct product R+ ´ R.

Since (a, b) is an NG-pair, the elements p, 
q Î R– defined by i

ip a z  and i
iq b z  satisfy 
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pp* + qq* = 2v. For convenience we identify X with 
the sum of its elements in R, and similarly for Y. 
Then we have f(X) = p and f(Y) = q. It follows that 
f(XX* + YY*  2v) = 0. Thus XX* + YY*  2v belongs 
to the kernel of f and, by using the fact that (xv + 1)
xv = xv + 1 in R, we obtain an equality

XX* + YY* =

= 2v + (xv + 1)(c0 + c1x + … + cv1xv1),     (22)

where the ci are some integers. Since X = v(a) 
and yv = 1, we have g(X) = 1 + y + … + yv1. 
Similarly, g(Y) = g(X). Note that g(X)* = g(X) and 
g(X)2 =  vg(X). Hence, by applying g to the equality 
(22), we obtain that 

2v(1 + y + … + yv1) =

= 2v + 2(c0 + c1y + … + cv1yv1).

We deduce that c0 = 0 and ci = v for i  0. The 
equality (22) now gives

XX* + YY* = 2v + v(xv + 1)(x + x2 + … + xv1).

Hence X and Y indeed form a relative difference 
family in Z2v with the parameter  = v.

It was shown in [13, Conjecture 1] that the Ito’s 
conjecture is equivalent to the assertion that for 
each t  1 there exists a relative difference family 
X1, X2 in the cyclic group Z4t with |X1| = |X2| = 2t 
and  = 2t. By Propositions 4 and 5 this is in turn 
equivalent to Conjecture 4.

Paley C-matrices

A conference matrix (or C-matrix) of order v is a 
matrix C of order v whose diagonal entries are 0, the 
other entries are ±1, and such that CCT = (v  1)I, 
where I is the identity matrix. There are two well-
known necessary conditions for the existence of 
such matrices. First, v must be even. (We exclude 
hereafter the trivial case v = 1.) Second, if v  2 
(mod 4) then v1 must be the sum of two squares. 
For the existence of negacyclic C-matrices of order 
v  4 (mod 8) there is another necessary condition 
[12], namely that v  1 = a2 + 2b2 for some integers 
a and b.

Two C-matrices are said to be equivalent if they 
have the same order and one can be obtained from 
the other by applying a finite sequence of the fol-
lowing elementary transformations: multiplication 
of a row or a column by 1, and interchanging si-
multaneously two rows and the corresponding two 
columns.

If v = 1 + q where q is a power of a prime, then 
Paley [16] has constructed conference matrices of 
order v. His construction employs essentially the 
theory of finite fields. Let us recall a general defini-
tion as given in [12]. Denote by V a two-dimensional 

vector space over the Galois field GF(q). Choose 
any set X of 1 + q pairwise linearly independent 
vectors of V. Denote by  the quadratic character 
of GF(q). In particular, (0) = 0. (If q is a prime, 
then  is the classical Legendre symbol.) Then the 
matrix

CX = [(det(, ))],     ,  Î X                 (23)

associated with X, is a C-matrix of order 1 + q. 
If q  1 (mod 4) then (1) = 1 while when q  3
(mod 4) we have (1) = 1. Hence, CX is symmetric 
in the former case and skew-symmetric in the 
latter case. We refer to CX as the Paley (conference) 
matrix. It is know n that all Paley conference 
matrices of the same order are equivalent to each 
other [17].

In contrast to Conjecture 1, there exist an in-
finite series of negacyclic C-matrices. Indeed, it 
is shown in [12, Corollary 7.2] that each Paley 
C-matrix is equivalent to a negacyclic C-matrix.

Consequently, the following facts hold.
Proposition 6. Let q be an odd prime power. Then 

there exist 
(i) a negacyclic conference matrix C of order 

1 + q;
(ii) a 2N-type Hadamard matrix H of order 

2(1 + q);
(iii) an NG-pair of length 1 + q.
Proof: In (ii) we can take H to be the matrix (3) 

with A = C + I and B = C  I. By Proposition 2, (iii) 
is equivalent to (ii). Explicitly, if (0, c1, c2, …, cq) 
is the first row of C, then the sequences (1, c1, c2, 
…, cq) and (1, c1, c2, …, cq) form an NG-pair of 
length 1 + q.

In Appendix A we list the first rows of the nega-
cyclic Paley C-matrices of order v = 1 + q  128.

Let C be a negacyclic conference matrix of order 
v with first row (0, c1, c2, …, cv1). By a theorem of 
Belevitch [12, Theorem 4.1] we have

сv/2+j = (–1)jcv/2j,   j = 1, 2, …, v/2  1.     (24)

One may try to find a counter-example to 
Conjecture 1 as follows. Let q  3 (mod 4) be a prime 
power. There exists a negacyclic Paley C-matrix C 
of order 1 + q. However, the equations (24) imply 
that C is not skew-symmetric. Hence C + I is not 
a Hadamard matrix. On the other hand, we know 
that C is equivalent to a skew-symmetric  confer-
ence matrix C, and so C + I is a Hadamard matrix. 
However, C + I is not negacyclic. It appears that C 
cannot be used to give a negacyclic Hadamard ma-
trix of order 1 + q.

The two cases q  1 (mod 4) and q  3 (mod 4) 
in Proposition 6 should be considered separately. 
Indeed, we shall show in a later section that in the 
latter case the assertion (iii) of Proposition 6 can 
be made stronger, namely we can replace 1 + q by 
(1 + q)/2.
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The First Paley Series

We say that any NG-pair (a, b) of length v = 1 + q 
resulting from Proposition 6, with q  1 (mod 4), be-
longs to the first Paley series. From the proof of 
that proposition, we recall that a and b are the same 
sequence except that b0 = a0.

In this section we assume that q is a prime power 
and that q  1 (mod 4). We recall Theorem 7.3 of [12].

It is easy to verify that if A is a negacyclic ma-
trix of odd order t and Z the diagonal matrix of or-
der t with the diagonal elements 1, 1, 1, 1, ..., then 
the matrix ZAZ is cyclic (and the converse holds).

Proposition 7. Any Paley conference matrix of 
order v = 1 + q  2 (mod 4), q a prime power, is equiv-
alent to a conference matrix of 2C-type with sym-
metric circulant blocks.

Let us give an independent and constructive 
proof of Proposition 7 in the case of negacyclic con-
ference matrices.

Proof: Let C be a negacyclic conference matrix of 
order v  2 (mod 4). We shall transform it into the 
2 N-form, and also into the 2C-form with symmetric 
blocks.

First, we split the first row c = (0, c1, c2, …, cv1) 
of C into two pieces a = (0, c2, c4, …, cv2) and 
b = (c1, c3, …, cv1). One can easily verify that for each 
integer k we have NAFc(2k) = NAFa(k) + NAFb(k). 
It follows that a and b are N-complementary se-
quences. Let A and B be the negacyclic matrices 
with first row a and b, respectively. By plugging 
the blocks A and B into the array (3), we obtain 
a C-matrix of 2N-type.

Second, we replace A and B with the circulants 
ZAZ and ZBZ. The equations (24) imply that the 
block ZAZ is symmetric and the first row of ZBZ is 
symmetric.

Third, we replace the block ZBZ with ZBZPm 
where m = (q  1)/4. Note that ZBZPm is a symmet-
ric circulant. There is no need to change the block 
ZAZ. By plugging the blocks ZAZ and ZBZPm into 
the array (3), we obtain a C-matrix of 2C-type with 
symmetric blocks.

Let us give an example. For q = 13 we have v = 14 
and m = 3. From the table in Appendix A, the first 
row of C is c = (0, +, +, +, +, +, , , +, +, , +, , + ). 
Thus, a = (0, +, +, , +, , ) and b = (+, +, +, , +, 
+, + ). The first rows of ZAZ and ZBZ are a = (0, , 
+, +, +, +, ) and b = (+, , +, +, +, , + ). Finally, the 
first row of the circulant ZBZPm is b= (+, +, , +, 
+, , + ). Thus, the block ZBZPm is also symmetric. 
By plugging the symmetric circulants A and B with 
first rows a and b into the array (3), we obtain the 
desired C-matrix of 2C-type.

In Appendix B, for negacyclic Paley C-matrices 
listed in Appendix A and of order v  2 (mod 4), we 
list the first rows of the symmetric circulant blocks 
computed by the above procedure.

The Second Paley Series

In this section we denote by C a negacyclic 
C-matrix of order n  0 (mod 4). For convenience 
we set v = n/2. We give a very simple construc-
tion for NG-pairs of length v. In particular we 
can take n = 1 + q where q  3 (mod 4) is a prime 
power. Indeed, as mentioned earlier, we know 
that any Paley C-matrix of order 1 + q is equiv-
alent to a negacyclic C-matrix. We point out 
that we do not have any other examples of mat-
rices C.

Proposition 8. Let C be a negacyclic C-matrix of 
order n  0 (mod 4). If c = (0, c1, c2, …, cn1) is the 
first row of C, then the sequences a = (1, c2, c4, …, 
cn2) and b = (c1, c3, …, cn1) form an NG-pair of 
length v = n/2.

Proof: For convenience, we set a = (0, c2, c4, 
…, cn2). Then NAFa(k) + NAFb(k) = NAFc(2k) for 
k = 1, 2, …, v 1. Since C is a conference matrix, 
it follows from (10) that NAFc(k) = 0 for k = 1, 2, 
…, n  1. Hence, (a, b) is an N-complementary pair. 
H owever, this is not an NG-pair because the first 
term of a is 0.

Let us write a = (x, a1, a2, …, av1) with ai = c2i 
for i = 1, 2, …, v1 and x an integer variable. We 
claim that NAFa(k) = NAFa(k) for 0 < k < v. Indeed, 
we have NAFa(k) = AFa(k)  AFa(v k) = NAFa(k) +
+ x(ak  avk). By Belevitch’s theorem, we have 
ak = avk for 0 < k < v and so NAFa(k) = NAFa(k). 
Thus our claim is proved.

If we now set x = 1 then a = a and we con-
clude that NAFa(k) = NAFa(k) for 0 < k < v. Conse-
quently, (a, b) is an NG-pair.

We say that the NG-pairs constructed in this 
proposition belong to the second Paley series. We 
say that an NG-pair is a Paley NG-pair if it belongs 
to the first or the second Paley series.

Out of the 63 odd positive integers t  125, there 
are exactly 18 for which there is no Paley NG-pair of 
length v = 2t. Let us list these integers:

23, 29, 39, 43, 47, 59, 65, 67, 73, 81, 

89, 93, 101, 103, 107, 109, 113, 119.       (25)

In Appendix C we list the NG-pairs in the 
second Paley series obtained from the negacyclic 
C-matrices listed in Appendix A with q 3 (mod 4).

Ito Series

There is another series, due to Ito [7], of NG-
pairs of length (1 + q)/2 when q  3 (mod 4) is 
a prime power. However, we will show below that 
the NG-pairs in this series belong to the second 
Paley series.

For convenience we set t = (1 + q)/4 = v/2 and let 
p be the prime such that q = pn. The Ito series is de-
rived from the relative difference sets constructed 
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by Ito [7]. These relative difference sets R have pa-
rameters (4t, 2, 4t, 2t) and lie in the dicyclic group

Dic8t = áa4t = 1, b2 = a2t, bab1 = a1ñ       (26)

of order 8t. The fo rbidden subgroup is áb2ñ. 
For convenience we identify a subset X Í Dic8t 

with the sum of its elements in the group-ring
(over Z) of Dic8t. Then we can write R = R1 + R2b 
with R1, R2 Í áañ. The sets R1 and R2 form a rela-
tive difference family in the cyclic group a (with 
the same forbidden subgroup). Let us identify 
a with Z4t by the isomorphism sending a  1. 
It is obvious that R1 and R2 are 2t-subsets 
of Z4t. By Proposition 4, the binary sequences 

 1
1 1vX R   and  1

2 2vX R   form an NG-pair.
We shall now describe a procedure which takes 

as input the integer t and a primitive polyno mial 
f of degree 2n over the prime field GF(p) = Zp, and 
gives as output the NG-pair arising from the Ito’s 
difference set R in Dic8t. This procedure is based 
on the simplification of Ito’s construction due to 
B. Schmidt [8, Theorem 3.3].

We construct the Galois field GF(q2) by adjoin-
ing a root x of f to Zp. As q2  1 = ((q  1)/2)(2(q + 1)) 
and (q  1)/2 = 2t  1 and 2(q + 1) = 8t are relatively 
prime, the multiplicative group GF(q2)* is a direct 
product of the subgroups U of order (q  1)/2 and 
W of order 2(q + 1). Note that U is the subgroup of 
squares in GF(q2)*. (Thus we have Q = U for the set 
Q defined in the proof of [8, Theorem 3.3].)

As f is primitive, x generates GF(q2)* and the ele-
ments u = x8t and w = x2t1 generate U and W, re-

spectively. Since 
 2 1 2

1,
q

x


   the element  = x2t 

satisfies the equation  + q = 0, i.e., tr() = 0 whe-
re tr: GF(q2)  GF(q) is the (relative) trace map. 
We set v = 2t and define two binary sequences 
a = (a0, a1, …, av1) and b = (b0, b1, …, bv1) of length v. 
We declare that ai = 1 if and only if tr(w2i) Î U, 
and declare that bi = 1 if and only if tr(w2i + 1) Î U. 
Then (a, b) Î NGPv. Note that a0 = 1.

We say that the NG-pairs obtained by this proce-
dure belong to the Ito series. They exist for lengths 
v = 2t where q = 4t  1 is a prime power. 

For a sequence a = (a0, a1, …, av1) we say that it 
is quasi-symmetric if ai = avi for i = 1, 2, …, v  1. 
Note that the negacyclic matrix with first row a is 
skew-symmetric if and only if a is quasi-symmetric 
and a0 = 0.

The Ito NG-pairs (a, b) have some additional 
symmetries. Namely, a is quasi-symmetric and b is 
skew-symmetric. Both assertions follow from the 
fact that 

tr(w8ti) = tr(wi) = (wi  wiq) =

= wi(q + 1)(wiq  wi) = (1)itr(wi).

These symmetry properties were observed by 
Ito [7, Proposition 6], as well as the fact that the 

2N-type Hadamard matrix constructed from the 
NG-pair (–a, b) is skew-Hadamard. (Since the diag-
onal entries of a skew-Hadamard matrix have to be 
equal to +1, we replaced a with –a.) 

It follows from these symmetry properties that 
the negacyclic matrix with first row 

(0, b0, a1, b1…, av1, bv1)

is a conference matrix. This shows that the NG-pair 
(–a, b) belongs to the second Paley series.

In Appendix D we list the NG-pairs of length 
v = (1 + q)/2  154 in the Ito series, with q  3 
(mod 4) a prime power. We have verified directly 
that each NG-pair listed in Appendix C is equiva-
lent to the corresponding NG-pair (the one having 
the same length, v) in the list of Appendix D.

There exist prime powers q > 1 such that q  1 
(mod 4) and 1 + 2q is also a prime power. For in-
stance, q = 5, 9, 13, 29, 41. For such q there exist 
NG-pairs (a, b) and (c, d) of length 1 + q which be-
long to the first and the second Paley series, respec-
tively. Then the following question arises: can (a, b) 
and (c, d) be equivalent? (We believe that the answer 
is negative.)

Quasi-Williamson Matrices

We say that four binary matrices A, B, C, D of 
order t are quasi-Williamson matrices if they are 
circulants and satisfy the equations

AAT + BBT + CCT + DDT = 4tI;                (27)

ABT + CDT = BAT + DCT.                 (28)

This is the cyclic case of a more general defini-
tion given in [8]. In order to avoid a possible confu-
sion, we have introduced a different name for this 
type of matrices. Note that the above two equations 
amount to saying that the matrix

T T T T

T T T T

 
   
   
   

A B C D
B A D C

C D A B

D C B A

                  (29)

is a Hadamard matrix.
The Williamson matrices are the special case 

of quasi-Williamson matrices where we require all 
four blocks A, B, C, D to be symmetric, in which 
case the condition (28) is automatically satisfied. 
Le t us mention the following two infinite series of 
Williamson matrices of order t. The first, due to 
Turyn, exists in orders t = (1 + q)/2, where q  1 
(mod 4) is a prime power. Given a conference matrix 
of 2C-type, see Prop osition 7, with symmetric cir-
culant blocks, say A and B, the n the matrices A + I, 
A  I, B, B are four Williamson matrices (this is the 
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Turyn series). The second, due to Whiteman, ex-
ists in orders t = p(1 + p)/2, where p  1 (mod 4) is 
a prime.

In the rest of this section we assume that t is 
odd. Then quasi-Williamson matrices o f order t are 
equivalent to relative difference sets in Dic8t [8].

Let a, b, c, d be the first rows of quasi-William-
son matrices of order t. We set z = 1 if t  1 (mod 4) 
and z = 1 otherwise. We shall describe a proce-
dure which takes as input the quadruple a, b, c, d 
and gives as output an NG-pair of length v = 2t. 
It is based on the proof of [8, Theorem 2.1]. The sub-
group G ´ áxñ of the group G ´ Q8, in the mentioned 
proof, is cyclic and is identified with Z4t.

By using the rows a and b, we construct a 
binary sequence p of length v as follows. Say, 
a = (a0, a1, …, at1). We define two subsets a, a 
of Zt by a = {i : ai = 1} and a = {i : ai = 1}. We de-
fine similarly the subsets b, b Í Zt.

For i = 0, 1, 2, 3 we define the mapi: Zt   Z4t 
by the formula

i(j) = j + t(z(i  j) (mod 4)).                  (30)

It is easy to verify that the set 

X = 0(a) È 1(b) È 2(a) È 3(b)

lies in the image of the map v [see (19)]. Finally, 
we set  1 ,vp X   which is a binary sequence of 
length v.

Similarly, from c and d we construct first a 
v-subset Y Í Z4t and then the binary sequence 

 1 ,vq Y   of length v. Then (p, q) Î NGPv.
We remark that the v-subsets X and Y form 

a relative difference family in Z2v with parameter 
 = v and the forbidden subgroup {0, v}.

The converse is also true: given an NG-pair (a, b) 
of length 2t we can construct quasi-Williamson ma-
trices A, B, C, D of order t. As an example, we used 
the NG-pair of length v = 70 given in Appendix D to 
compute four quasi-Williamson matrices A, B, C, D 
of order 35. The first rows of these matrices (after 
some cyclic shifts) are:

a = [+, , +, +, , +, , +, +, +, +, +, , +, +, +, , 
, +, +, , , , + , , , , , , +, , +, , , +], 

b = [+, +, +, +, +, , , , +, , +, +, , +, +, +, , 
+, +, , +, +, +, , +, +, , +, , , , +, +, +, +];

c = [, +, , +, +, , +, , +, +, +, , , , , +, +, +,
+, +, +, , , +, +, , +, , +, , , , +, +, ], 

d = [, +, +, , , , +, , +, , +, +, , , +, +, +, 
+, +, +, , , , , +, +, +, , +, , +, +, , +, ], 

respectively. The blocks A, B, C, D satisfy the 
equations (27) and (28), and when plugged into the 
array (29) we do get a Hadamard matrix. Moreover, 
A is of skew-type, while B is symmetric, and d is the 

reverse of c. Note also that ABT  BAT = (A  AT)
B  0, and so A, B, C, D are not matrices of 
Williamson type according to [2, Definition 3.3].

It is known that Williamson matrices of odd or-
der t exist for t = 23, 29, 39, 43, see e.g. [18]. After 
removing these integers, the list (25) reduces to

47, 59, 65, 67, 73, 81, 89, 93, 101, 

103, 107, 109, 113, 119.                  ( 31)

Let us single out the smallest case.
Open Problem. Do quasi-Williamson matrices of 

order 47 exist? Equivalently, do NG-pairs of length 
94 exist?

The above mentioned facts have been known 
since 1999 [8, 6] and apparently no progress has 
been made so far in the search for NG-pairs of order 
v = 2t, for t in the above list. For generalizations 
where the cyclic group Z4t is replaced by more gen-
eral finite abelian groups see [14].

Since the known infinite series of NG-pairs are 
rather sparse, it is hard to believe that NG-pairs ex-
ist for all even lengths. In other words, in our opin-
ion Ito’s conjecture is likely to be false.

Weighing Matrices of 2N-type

A weighing matrix of order n and weight w (ab-
breviated as W(n, w)) is a matrix W of order n with 
entries in {0, ±1} such that WWT = wI. In this sec-
tion we discuss the existence of weighing matrices 
of 2N-type.

Note that C-matrices of order v are W(v, v1). It 
is known that there are no cyclic W(v, v  1) for v > 2 
[19]. On the other hand there are infinitely many 
negacyclic W(v, v 1). Indeed each Paley C-matrix is 
equivalent to a negacyclic C-matrix. It has been con-
jectured [12] that there are no negacyclic C-matrices 
of even order v  1 + q, q a prime power. This conjec-
ture has been verified for v  226. However, there 
exist C-matrices of 2N-type whose order v is not of 
that form. For instance, they exist for

v = 16, 40, 52, 56, 64, 88, 96, 120, 136, 144, 160.

(See part (iii) of the proposition below.)
We have four infinite series of 2N-type weighing 

matrices. 
Proposition 9. Let q be an odd prime po wer. Then 

there exist weighing matrices of 2N-type:
(i) W(1 + q, q);
(ii) W(2 + 2q, 2q);
(iii) if q  3 (mod 4), W(2 + 2q, 1 + 2q) and 

W(4 + 4q, 2 + 4q). 
Proof: (i) If q  1 (mod 4), this was shown in the 

proof of Proposition 7. Otherwise the claim follows 
from the fact (proven in the Ito series section), that 
there exists an NG-pair (a, b) of length (1 + q)/2 with 
a quasi-symmetric. Let A and B be the negacyclic 
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matrices with first rows a and b. We may assume 
that a0 = 1, then the matrix (3) is skew-Hadamard 
of 2N-type. By replacing the diagonal entries with 
0s, we obtain a W(1 + q, q). 

(ii) This follows from (i) because we can “multi-
ply by 2”.

(iii) Let (a, b) be an Ito NG-pair of length 
(1 + q)/2. By multiplying by 2, we obtain an NG-
pair (a, b) of length 1 + q with a = (1, a) quasi-
symmetric. Consequently, the pair ((0, a), b) is 
N-complementary. The corresponding 2N-type ma-
trix (3) is a C-matrix of order 2 + 2q. Multiplying by 
2 we obtain also an W(4 + 4q, 2 + 4q). 

This proposition covers all weighing matrices 
W(4n, 4n  1) and W(4n, 4n  2) of 2N-type, for 
n  50 except for 

n = 9, 13, 19, 23, 25, 28, 29, 31, 37, 39, 43, 44, 

46, 47, 48, 49

and

n = 11, 17, 18, 26, 29, 33, 35, 38, 39, 43, 46, 47, 50, 

respectively. We have constructed five of these 
matrices:

n       a & b
————————————————————————————
11   [0, , , +, , , , , , +, +, +, , +, +, , +, , +, 

+, +, ], [0, +, , , , , +, , , +, , +, +, +, +, , 
, , +, , +, +]

13   [0, +, +, , +, , +, +, +, +, , +, +, , +, +, , +, +, 
+, +, , +, , +, +], [+, +, +, , +, , , , +, , , 
, +, +, +, , +, +, , , +, +, +, +, , ]

17  [0, , , , +, , , +, , +, , , , +, , +, +, +, , 
+, +, +, +, , +, +, +, +, +, , , , +, ], [0, , +, 
+, +, +, , +, , , , +, +, +, +, , , +, +, , , +, 
,  +, +, , +, +, +, +, , +, , ]

18   [0, +, +, , , , +, , , +, , , , , , , +, +, 
+, , +, +, , +, , +, , , ,  +, +, +, , +, +, ], 
[0, +, +, , , +, +, +, +, , +, , , , +, , +, +, +, 
, +,  +, +, +, , +, +, +, +, , +, , , +, +, ]

26   [0, +, +, +, +, , , , +, , , , +, +, +, +, +, , +, 
, , +, +, , +, , , , +, +, +, +, , +, +, , +, +, 
+, +, +, +, , , +, +, , , +, , +, ], [0, +, +, +, 
+,  +, , , +, +, , , +, , +, , +, +, +, , , , +, 
, +, +, , +, +, +, +, , , +, +, +, +, , +, , +, +, 
, +, +, +, , +, +, , +, ].

Multiplication by Golay pairs may be used to con-
struct other series of weighing matrices of 2N-type.

In Appendix E we list weighing matrices W(4n, 
4n  2) of 4C-type for odd n  21. They can be eas-
ily converted to 4N-type by replacing each circulant 
block X of order n with the negacyclic block ZXZ.
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Appendiсes

Appendix A. For even integers v = 1 + q  128, with q = pn a power of a prime p, we give the first row c of 
a negacyclic conference matrix C of order v belonging to the equivalence class of Paley conference matrices. 
The algorithm is described in the section on Paley C-matrices, it is based on [12, Corollary 7.2]. We also record 
the primitive polynomial f(x) of degree 2n over GF(p) used in the computation.

v          f(x); p, q and the first row c

  4    x2 + x + 2; p = q = 3
 [0, +, , ]
  6    x2 + x + 2; p = q = 5
 [0, +, +, +, , +]
  8    x2 + x + 3; p = q = 7
 [0, +, , , , +, , ]
10   x4 + x3 + 2; p = 3, q = 9
 [0, +, , , , , +, , +, +]
12   x2 + x + 7; p = q = 11
 [0, +, , +, , , +, +, , , , ]
14   x2 + x + 2; p = q = 13
 [0, +, +, +, +, +, , , +, +, , +, , +]
18   x2 + x + 3; p = q = 17
 [0, +, +, +, , +, +, +, +, , , +, , +, +, +, , +]
20   x2 + x + 2; p = q = 19
 [0, +, , , , , , +, , , +, +, , , , +, , +, , ]
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24   x2 + x + 7; p = q = 23
 [0, +, , , +, +, +, +, +, +, , +, +, , , , +, , +, , +, +, , ]
26   x4 + x3 + x + 3; p = 5, q = 25
 [0, +, , , , +, +, +, , , , , , , +, , +, , +, +, , +, +, , +, +]
28   x6 + x5 + 2; p = 3, q = 27
 [0, +, +, , , +, , , +, +, +, +, +, +, +, , +, , +, , +, +, , , , +, +, ]
30   x2 + x + 3; p = q = 29
 [0, +, +, , +, +, +, +, +, +, , , , , +, +, , , +, , +, +, , +, , +, , , , +]
32   x2 + x + 12; p = q = 31
 [0, +, , +, , +, +, +, +, , , , +, +, , , , +, , , +, +, , +, +, , +, , , , , ]
38   x2 + x + 5; p = q = 37
 [0, +, +, +, +, +, , +, , +, +, , +, +, +, +, , , +, +, , , +, +, , +, , , , +, +, +, +, +, , +, , +]
42   x2 + x + 12; p = q = 41
 [0, +, +, , +, , +, +, +, +, , +, , , +, +, +, , , , +, , , , +, , , +, , , +, +, +, +, , +, , , , , , +]
44   x2 + x + 3; p = q = 43
 [0, +, , +, , +, , +, +, , , +, , , +, , +, +, , +, +, +, , , +, , , , +, +, +, +, , , , +, +, , , , , 

, , ]
48   x2 + x + 13; p = q = 47
 [0, +, , , +, +, +, , , +, +, +, , +, , +, , +, +, +, +, , +, , , +, +, +, +, , +, , , , , , , , +, , , 

+, +, , +, +, , ]
50   x4 + x3 + x2 + 3; p = 7, q = 49
 [0, +, , , , +, +, , +, , +, , , , +, , +, , , +, +, +, , , , , +, , +, +, , +, +, , , , , , +, , , 

, , , , +, +, , +, +]
54   x2 + x + 5; p = q = 53
 [0, +, +, +, +, +, , +, , , , +, , +, +, , , +, , +, , +, +, , +, +, , , +, +, , , , +, +, +, +, +, +, , , 

+, +, +, +, , +, +, +, +, , +, , +]
60   x2 + x + 2; p = q = 59
 [0, +, , , +, , , +, +, , , , , , , +, +, +, , +, , +, , , , +, , +, +, , +, +, +, , , , , +, , , , 

, , , +, , , +, , +, , +, +, , , +, +, +, , ]
62   x2 + x + 2; p = q = 61
 [0, +, +, +, +, +, +, , +, , , , +, +, , , , +, , , , , +, +, +, , , , +, , +, +, , , , , +, , , +, , 

, +, , +, +, +, , +, +, , , +, , , , , +, , +, , +]
68   x2 + x + 12; p = q = 67
 [0, +, , +, +, , +, +, +, +, , +, +, +, , +, +, , , , , , +, +, , , , , , +, , +, +, , +, +, +, , , , , 

+, , +, , , +, +, , +, , +, +, , , , +, , , , +, , +, +, +, , , ]
72   x2 + x + 11; p = q = 71
 [0, +, , , , +, , , , , , +, +, +, +, , , , +, +, , , +, , +, , +, +, +, +, , +, +, , +, +, +, , +, +, +, 

, , , +, , +, +, +, +, +, +, , , +, +, , +, +, , +, , , +, , +, , , , +, , ]
74   x2 + x + 11; p = q = 73
 [0, +, +, , , +, , +, +, +, , +, , +, , +, , , +, , , , , +, , +, +, +, , , +, +, +, , , , , +, +, , +, 

, , +, , , +, +, , +, +, +, +, , +, , , , +, +, +, +, +, +, +, +, , +, +, +, +, , , +]
80   x2 + x + 3; p = q = 79
 [0, +, , , +, +, , +, , +, , +, , , +, , , , +, , , , , +, , +, +, , , , , +, , +, , , +, +, +, , , 

+, +, , +, +, , , , , , +, , +, +, , , , , +, , +, +, +, , +, +, +, , , , , , , , , +, +, , ]
82   x8 + x5 + 2; p = 3, q = 81
 [0, +, +, , , +, , +, +, +, , +, +, , +, , +, , +, +, +, , +, +, , , , , +, +, +, +, +, , +, +, , +, +, +, +, 

, , +, , +, +, +, , , , +, , +, , , +, , +, +, , , , +, , , , , , , , +, +, +, , +, +, +, +, , , +]
84   x2 + x + 2; p = q = 83
 [0, +, , , +, , +, +, +, , +, +, +, , , +, , , +, +, , +, +, , +, , +, , +, , , +, +, , +, , , , , , +, , 

+, +, +, +, , +, , +, +, +, +, , , +, +, +, +, +, +, +, +, , , , +, +, , , , +, +, , +, +, +, , +, +, +, +, , ]
90   x2 + x + 6; p = q = 89
 [0, +, +, +, +, , +, , +, +, +, , , , +, , , +, , +, +, +, , +, +, +, , , +, +, , +, , , , +, +, , +, , +, 

+, , +, , +, +, +, +, +, , , , , , +, +, , +, +, +, +, , , +, +, , +, +, +, , +, +, +, +, , , , +, , , +, 
, , , , , +, , +]

98   x2 + x + 5; p = q = 97
 [0, +, +, +, +, +, , +, +, , +, +, , +, , , +, +, , , , +, +, , +, , +, , , +, , +, +, +, , +, , , , , , 

+, +, +, , +, +, +, , +, +, +, , +, +, +, , +, +, , +, , +, +, +, +, , +, +, +, +, , , , , , , +, +, , +, +, 
, , +, +, +, +, , , , +, +, +, , +, , +]
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102  x2 + x + 3; p = q = 101
 [0, +, +, , +, +, +, +, , , +, , , , , , +, +, +, +, +, +, +, +, , +, +, , +, +, , +, , , , +, +, +, , , , 

, , +, , +, +, +, , , +, +, , , +, +, , +, +, +, +, , +, , +, +, , +, +, , +, +, +, +, , , , +, +, +, , +, 
, +, , +, , , +, , +, , , , +, +, , +, , , , +]

104  x2 + x + 5; p = q = 103
 [0, +, , , +, , , +, , +, , +, , , , , +,  , , , +, , +, +, +, , +, , , , , , , +, +, , +, +, , , +, 

+, +, , +, , , +, +, +, +, , , +, +, , +, , , +, +, +, +, , +, +, , , +, +, +, , , +, , +, , +, +, +, +, , 
+, +, +, +, , +, +, +, , +, , , , , , , , +, +, +, , ]

108  x2 + x + 5; p = q = 107
 [0, +, , , +, +, , +, , +, , , , , , +, +, +, +, +, , , , , +, , +, , , , +, , , , , +, , +, , , +, 

+, , , +, , , +, +, +, , , , +, , , , +, , , +, , , +, +, +, , , +, +, , , , , , +, , +, +, +, , +, +, 
+, +, +, , +, , , +, , +, , , +, , +, , , , , , , +, +, , ]

110  x2 + x + 6; p = q = 109
 [0, +, +, +, , , , +, , +, +, +, , +, , +, , +, +, +, , +, +, , +, , , +, +, , +, +, , , , +, , +, , , +, 

+, , +, +, +, +, , , , , , , +, +, +, , +, +, , +, , +, , , +, , +, +, +, , , +, +, +, +, +, , +, +, , , 
, +, +, , , , , +, +, +, , +, +, +, +, +, +, +, , +, +, +, +, , +, +, , +]

114  x2 + x + 10; p = q = 113
 [0, +, +, +, , , , , +, , , +, +, , +, +, , +, , , , +, , +, , , , , , +, +, +, +, +, , +, +, , +, , +, 

, , , , , +, +, , , +, , , , +, , , +, +, , , , +, , , , +, +, , , +, , +, , , , , , , +, +, +, , 
+, , +, +, , +, , +, +, +, +, +, , +, +, +, +, , , , +, +, , , , +, , +, +, , +]

122  x4 + x3 + 8; p = 11, q = 121
 [0, +, , , , , , , , +, +, , +, , , , +, , , +, +, , +, , , +, +, , +, , , , , +, , +, , , , , +, 

, , , +, +, +, +, , +, , , , +, +, +, , , +, , , , +, , , , +, +, , +, +, , +, +, +, +, , +, , , +, , 
, , +, , +, +, +, +, +, , +, , , , , +, +, , , , , +, +, , , , +, , , , , +, +, , +, , +, , +, +]

128  x2 + x + 3; p = q = 127
 [0, +, , , , +, , +, +, , , , +, +, , , , , +, , , , , +, , +, +, +, +, +, , +, +, , +, +, , , , +, +, 

+, +, , +, +, +, , +, +, +, +, +, +, , , +, , +, , +, +, , , , +, , , +, +, +, +, +, +, , , +, , +, , +, +, 
+, , +, +, +, , +, , , +, , , +, +, +, , , , +, , +, , , , , +, , +, +, +, , +, , , +, +, , +, +, , , 
, , +, , ]

Appendix B. For even integers v = 1 + q  128, with q  1 (mod 4) a prime power, we give a 2C-type confer-
ence matrix of order v with symmetric blocks A and B which belongs to the equivalence class of Paley confer-
ence matrices. The algorithm is described in the section on the first Paley series. Since the blocks A and B are 
symmetric circulants of odd order v/2, we record only the first (v + 2)/4 elements of their first rows a and b.

We recall that A + I, A I, B, B are four Williamson matrices of order v/2 belonging to the Turyn series.

v     first rows of a and b (truncated)

    6    [0, ], [, +]
  10    [0, +, ], [, +, +]
  14    [0, , +, +], [+, +, , +]
  18    [0, , , , +], [, , +, , +]
  26    [0, +, , , , +, ], [, +, , , +, +, +]
  30    [0, , +, , +, +, , ], [, , +, +, , +, +, +]
  38    [0, , +, +, , , +, , , ], [, , , +, +, +, , +, , +]
  42    [0, , +, , +, +, , , +, +, +], [, +, , , , , +, , , +, +]
  50    [0, +, , , +, , , , +, +, +, +, ], [, +, +, , , +, , +, , +, +, +, +]
  54    [0, , +, +, , +, , , , +, , , +, +], [+, +, +, +, , +, +, +, , , , +, , +]
  62    [0, , +, , +, +, +, +, , +, , , +, +, +, ], [, , +, , , , +, +, +, +, +, , +, +, , +]
  74    [0, , , +, +, +, , +, , , , +, , , , , +, +, ], [+, +, , , , , +, , , +, , , +, , +, , +, +, +]
  82    [0, , , +, +, +, +, , +, , +, , , +, +, , +, , , , +], 
 [, , +, , , , +, +, , , , ,  , +, , , +, , +, +, +]
  90    [0, , +, , +, , , , , +, +, +, +, +, +, +, , +, +, , +, +, ], 
 [+, , +, +, , , , , +, +, +, , +, , +, +, , +, +, +, , , +]
  98    [0, , +, +, +, , , +, +, +, , , +, , , +, +, +, , +, , , , , ], 
 [+, , +, , +, +, , , +, , +, +, , +, +, +, +, +, +, , , , +, , +]
102   [0, , +, , , , , +, +, , +, , , , +, +, , +, +, +, , +, , , , ], 
 [, , , +, , , +, +, , , , +, +, +, , +, , +, +, , +, , , +, +, +]
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110   [0, , , +, , , , +, , , , , +, +, +, , , +, , +, +, +, +, , , +, , ], 
 [, +, +, , +, +, , +, +, +, , , , , , , +, +, , +, , +, , +, , , , +]
114  [0, , , +, +, +, +, , , +, , +, , +, , , +, +, +, , +, +, , , , , , , ], 
 [+, +, , +, , , , +, , +, , , +, , +, +, , , +, +, +, , , , , +, , , +]
122   [0, +, , +, , , +, +, +, +, +, , , , +, +, , +, , +, +, +, +, , , +, , , , , ], 
 [, +, , , +, +, +, , +, +, , +, , , +, +, , +, +, +, , , , +, , +, +, +, , +, +]

Appendix C. For integers q = 4t  1, with q = pn  3 (mod 4) a power of a prime p, we give the NG-pairs (a, b) 
of length v = 2t  64 belonging to the second Paley series. The procedure used to generate this list is described 
in the section on the second Paley series.

The sequence a is quasi-symmetric and b is skew-symmetric. We record only the first t + 1 terms of a 
and the first t terms of b. If A and B are the negacyclic blocks with first rows a and b, then the matrix (3) is 
2N-type skew-Hadamard.

v     a & b (truncated)

  2     [+, ], [ +]
  4     [+, , ], [+, ]
  6     [+, , , +], [+, +, ]
10    [+, , , , , +], [+, , , +, ]
12    [+, , +, +, +, , +], [+, , +, +, +, +]
14    [+, +, , , +, +, +, +], [+, , +, , +, +, +]
16    [+, , , +, +, , +, , ], [+, +, +, +, , , +, ]
22   [+, , , , +, , , +, +, , +, ], [+, +, +, +, , +, , , +, +, +]
24    [+, , +, +, , +, , , , +, +, +, ], [+, , +, , +, +, +, +, +, +, , ]
30    [+, , +, , +, , , , +, , , , , , +, +], [+, , , +, , , , +, +, +, +, , +, +, ]
34    [+, , +, +, +, , +, , +, , , +, , , , , +, +], [+, +, , +, +, +, +, +, , , , +, , , +, +, ]
36    [+, , , , , , +, +, , +, , +, +, +, +, , +, +, +], [+, , +, , , +, +, , , +, , , , +, +, +, , +]
40    [+, , +, , , , , +, , +, , , , +, , , , , +, +, ], [+, , +, +, +, +, , , , , , +, +, , , +, +, , +, ]
42    [+, , +, +, +, +, +, , , +, , +, +, +, +, , +, +, , , +, +], 

[+, , , +, , +, , +, , +, +, , , , , +, , , , , ]
52    [+, , +, , , , , , +, , +, +, +, +, , , , +, +, , +, +, +, , +, +, ], 
 [+, , , +, +, +, , , , , , +, , , , , +, , +, , +, , , +, +, ]
54    [+, , +, , , , , , +, +, , , +, +, , +, , , , , +, , +, , +, , , ], 
 [+, , +, +, +, , , +, +, +, , , , , , , , +, +, , +, , , +, +, , +]
64    [+, , , , +, , +, , , +, , , , +, +, , +, +, , , +, +, +, +, +, +, +, , +, +, +, , ], 
 [+, , +, +, , , +, , , , , +, +, +, +, +, , +, , +, +, , +, , +, +, +, , , , +, ]

Appendix D. For integers q = 4t  1, with q = pn  3 (mod 4) a power of a prime p, we give the NG-pairs 
(a, b) of length v = 2t  154 belonging to the Ito series. The procedure used to generate this list is described in 
the Ito series section. In the list below, for each length v, we record the primitive polynomial f(x) of degree 2n 
over GF(p) used in the computation, and the NG-pair (a, b).

In all cases we have a = (+, a) where the subsequence a is symmetric while the whole sequence b is skew-
symmetric. We record only the first t + 1 terms of a and the first t terms of b. If A and B are the negacyclic 
blocks with first rows a and b, then the matrix (3) is skew-Hadamard of 2N-type.

Moreover, by multiplying the NG-pair (a, b) by 2, we obtain in the same way a 2N-type skew-Hadamard 
matrix of order 1 + q.

v     a & b (truncated)

  2     x2 – x – 1; p = q = 3
 [+, +], [+]
  4     x2 – x + 3; p = q = 7
 [+, , +], [+, +]
  6     x2 + x + 7; p = q = 11
 [+, , +, +], [, , +]
10    x2 – x + 2; p = q = 19
 [+, , +, , +, +], [+, +, +, , ]
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  12    x2 – x + 7; p = q = 23
 [+, +, +, , +, +, +], [+, , +, , , ]
  14    x6 – x5 + 2; p = 3; q = 27
 [+, +, +, , , +, , +], [, +, , , , , ]
  16    x2 – x + 12; p = q = 31
 [+, , +, +, , , , , +], [+, +, +, , , +, , +]
  22    x2 + x + 3; p = q = 43
 [+, +, , +, +, +, , , +, +, +, +], [, +, , , +, +, +, +, , +, ]
  24    x2 + x + 13; p = q = 47
 [+, , , +, +, +, +, , +, +, , +, +], [, +, +, , +, , +, , , , , ]
  30    x2 + x + 2; p = q = 59
 [+, , , , , , +, , , , +, , +, , , +], [, , +, +, +, , +, , , +, , , , +, +]
  34    x2 + x + 12; p = q = 67
 [+, , , +, , , , , , , +, +, +, , +, , , +], [, , +, +, , , , +, , , +, , +, , , , +]
  36    x2 + x + 11; p = q = 71
 [+, +, , +, , +, +, , , , , , +, , +, +, +, , +], 
 [, , , +, , , +, , , , +, +, , , +, +, +, +]
  40    x2 + x + 3; p = q = 79
 [+, , , , +, , +, +, +, +, +, , +, +, +, , +, , , +, +], 
 [, , , , +, +, , , +, +, , +, , +, +, , +, , , ]
  42    x2 + x + 2; p = q = 83
 [+, , , +, , +, , , +, +, +, +, , +, , , , +, +, , , +], 
 [, +, , +, , , , +, , +, +, , , , , , , , , +, +]
  52    x2 + x + 5; p = q = 103
 [+, , , , +, , +, , , , , +, , +, +, , +, +, , , , +, , , , +, +], 
 [, , +, +, , , , , , , , +, , +, +, +, , +, , +, +, , +, +, , ]
  54    x2 + x + 5; p = q = 107
 [+, +, +, +, , +, , +, +, , , +, +, , , , , +, , +, +, +, +, +, +, +, , +], 
 [, , , +, +, , , , , +, +, , +, , +, , +, +, , +, +, , , +, , , ]
  64    x2 – x + 3; p = q = 127
 [+, , +, , , , , , +, +, +, , +, +, , , , +, +, , , +, , +, , +, , , , +, , , +], 
 [+, +, +, , +, +, , +, +, +, +, +, , , , , , +, , +, , , +, , +, +, +, , , +, +, +]
  66    x2 – x + 14; p = q = 131
 [+, , , , , +, +, , +, , +, , , +, +, , , , +, +, , +, , +, +, +, +, +, , +, +, , , +], 
 [+, +, +, +, +, +, +, , , , +, , +, +, , +, , , , +, +, , +, , +, +, +, , , , +, , ]
  70    x2 + x + 2; p = q = 139
 [+, +, , +, , , , , +, , +, , +, +, +, , , , +, +, +, , , +, , , +, +, +, +, +, +, +, , +, +],
 [, , , , +, +, +, +, , +, +, , +, +, , +, , +, +, +, , +, , , , +, +, , +, , , +, +, , ]
  76    x2 + x + 12; p = q = 151
 [+, , +, +, +, , , +, , , +, , +, +, , +, , , , +, , +, +, +, +, +, +, , , +, +, , , , , , +, , +], 

[, +, +, +, , , , +, , +, +, , , , , , +, , , , , +, , +, , +, +, , , , , +, , , , +, , ]
  82    x2 + x + 11; p = q = 163
 [+, +, +, , +, , +, , , , +, +, , , , , +, +, , +, , , , +, +, +, +, +, +, +, +, +, , +, , +, +, +, +, , , +], 
 [, +, , , +, , , +, , +, , +, , +, +, +, +, , , , , +, , , +, +, +, +, , +, +, +, , , +, , , +, +, , ]
106   x2 + x + 3; p = q = 211
 [+, , , , +, +, , +, , , , , , +, , , , +, +, +, +, , , +, +, , , , , , , +, , , +, +, , , , , +, 

+, , +, +, , +, , +, +, , +, , +], [, +, +, , , , +, , +, +, +, , , +, , , +, , , +, , +, , , , , , , 
, +, +, +, , , +, , , , +, , +, , , +, +, +, +, +, +, , +, , +]

142   x2 + x + 3; p = q = 283
 [+, +, , +, , , , , +, , , , , , +, +, , , , , +, +, +, , +, +, +, , +, , +, , +, , , +, , +, , , , 

, +, +, , +, +, , +, +, , +, , , , +, , , +, +, +, +, , +, +, , , +, +, , +, +], [, +, +, , , , +, +, +, +, 
, +, +, +, +, +, , +, , , +, +, +, +, , , +, , +, +, +, +, +, +, , , +, +, , +, +, +, , , , , , , +, +, , 
+, , +, +, , , , +, , , , , +, , +, +, +, , +, ]

154   x2 + x + 5; p = q = 307
 [+, +, +, , , +, , , +, +, +, , +, , +, +, , +, , , +, +, , , +, +, , +, , , , , , , +, +, , , , , , 

, , , , , +, , , +, , +, +, +, +, , +, +, , , , , +, +, , , , , +, +, +, +, , +, , +, , +], [, +, , , 
+, +, +, +, , , , , +, , +, +, +, , +, , , +, , , +, +, , , +, , +, , +, , , , , +, , +, , , , +, , , 
, +, +, +, , +, +, +, +, , +, +, , , , , , , +, +, , +, , +, , , +, +, , , ]
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Appendix E. We list here the weighing matrices W(4n, 4n2) of 4C-type for odd n  21.

4n     a, b, c, d

  4     [0], [+], [0], [+]
12    [0, +, +], [+, , ], [0, , ], [+, , ]
20    [0, +, +, +, +], [+, +, , , +], [0, +, , , +], [+, , +, +, ]
28    [0, , +, +, +, +, ], [+, +, , +, +, , +], [0, , +, , , +, ], [+, +, +, , , +, +]
36    [0, +, , +, , , +, , +], [+, +, , , , , , , +], [0, , +, +, , , +, +, ], [+, +, +, , +, +, , +, +]
44    [0, +, , , +, , , +, , , +], [+, +, , , , , , , , , +], 
 [0, +, , +, , +, +, , +, , +], [+, +, +, , , +, +, , , +, +]
52   [0, +, +, , +, , , , , +, , +, +], [+, , +, , , , +, +, , , , +, ], 
 [0, , , +, +, +, , , +, +, +, , ], [+, , , +, , , , , , , +, , ]
60    [0, , , +, +, +, , +, +, , +, +, +, , ], [+, +, , , , , +, , , +, , , , , +], 
 [0, +, , +, , +, +, , , +, +, , +, , +], [+, , +, +, , , , , , , , , +, +, ]
68    [0, , +, +, +, , +, , , , , +, , +, +, +, ], [, +, , , +, , +, +, , , +, +, , +, , , +],
 [0, +, +, +, +, +, , , +, +, , , +, +, +, +, +], [+, +, +, , +, , , , +, +, , , , +, , +, +]
76    [0, +, +, +, +, , +, , , +, +, , , +, , +, +, +, +], [, +, +, +, , , , +, , +, +, , +, , , , +, +, +], 
 [0, +, +, +, , +, , , +, +, +, +, , , +, , +, +, +], [, +, , , , +, +, , +, +, +, +, , +, +, , , , +]
84    [0, , , +, +, , , +, , +, , , +, , +, , , +, +, , ], [, , +, +, +, , +, , , , , , , , , +, , +, +, +, ], 

[0, +, , +, , , +, +, , , , , , , +, +, , , +, , +], [+, , +, +, +, +, , +, +, , , , , +, +, , +, +, +, +, ]
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Негапериодические пары Голея и матрицы Адамара

Н. А. Балонина, доктор техн. наук, профессор, korbendfs@mail.ru

Д. Ж. Джоковичб, доктор наук, профессор, djokovic@uwaterloo.ca
aСанкт-Петербургский государственный университет аэрокосмического приборостроения, 67, Б. Морская ул., 

190000,  Санкт-Петербург, РФ
бУниверситет Ватерлоо, Ватерлоо, Онтарио, Канада

Цель: показать, что по аналогии с ординарными и периодическими парам Голея существуют и негапериодические пары Голея 
(впервые они появились под другим именем в трудах Н. Ито). Методы: исследуется конструкция адамаровых (и взвешенных) 
матриц, состоящая из двух негациклических блоков (2N-типа). Матрицы Адамара 2N-типа эквивалентны негапериодическим 
парам Голея. Результаты: показано, что, во-первых, если матрица Адамара имеет форму матрицы Теплица, то она должна быть 
либо циклической, либо негациклической. Во-вторых, прозведение Тюрина пар Голея расширяемо до более общего произведе-
ния: с его помощью можно периодические пары Голея длины g умножать на негапериодические пары Голея длины v, получая 
негапериодические пары Голея длины gv. В-третьих, гипотеза Ито о матрицах Адамара эквивалентна гипотезе о существовании 
негапериодических пар Голея для всех возможных четных значений их длины. Практическая значимость: матрицы Адамара 
имеют непосредственное практическое значение для задач помехоустойчивого кодирования, сжатия и маскирования видео-
информации. 

Ключевые слова — матрицы Адамара, циклические матрицы, негациклические матрицы, периодические пары Голея, 
негапериодические пары Голея.
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Москва, тел.: (495) 787-38-73, эл. почта: informnauka3@yandex.ru, 
сайт: http://www.informnauka.com
«Деловая пресса»
Москва, тел.: (495) 962-11-11, эл. почта: podpiska@delpress.ru, 
сайт: http://delpress.ru/contacts.html
«Коммерсант-Курьер»
Казань, тел.: (843) 291-09-99, 291-09-47, эл. почта: kazan@komcur.ru, 
сайт: http://www.komcur.ru/contacts/kazan/
«Урал-Пресс» (филиалы в 40 городах РФ)
Сайт: http://www.ural-press.ru
«Идея» (Украина)
Сайт: http://idea.com.ua
«BTL» (Узбекистан)
Сайт: http://btl.sk.uz/ru/cat17.html и др.

На электронную версию нашего журнала (все выпуски, годовая подписка, один выпуск, одна статья)
вы можете подписаться на сайтах НЭБ: http://elibrary.ru; 
РУКОНТ: http://www.rucont.ru;  ИВИС: http://www.ivis.ru/ 

Полнотекстовые версии журнала за 2002–2014 гг. 
в свободном доступе на сайте журнала (http://www.i-us.ru), 
НЭБ (http://www.elibrary.ru) 
и Киберленинки (http://cyberleninka.ru/
journal/n/informatsionno-upravlyayuschiesistemy).

Печатную версию архивных выпусков журнала за 2003–2014 гг. вы можете заказать в редакции 
по льготной цене.




